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SOME GEOMETRIC PROPERTIES ON THE FOURIER AND
FOURIER STIELTJES ALGEBRAS OF LOCALLY COMPACT
GROUPS, ARENS REGULARITY AND
RELATED PROBLEMS

ANTHONY TO-MING LAU AND ALI ULGER

ABSTRACT. Let G be a locally compact topological group and A(G) [B(G)]
be, respectively, the Fourier and Fourier-Stieltjes algebras of G . It is one of the
purposes of this paper to investigate the RNP (= Radon-Nikodym property) and
some other geometric properties such as weak RNP, the Dunford-Pettis property
and the Schur property on the algebras 4(G) and B(G), and to relate these
properties to the properties of the multiplication operator on the group C*-
algebra C*(G). We also investigate the problem of Arens regularity of the
projective tensor products C*(G)®A4, when B(G) = C*(G)* has the RNP
and A is any C*-algebra. Some related problems on the measure algebra, the
group algebra and the algebras A,(G), PFy(G), PMy(G) (1 <p < oo0) are
also discussed.

1. INTRODUCTION

Let G be a locally compact group and A(G) [B(G)] be the Fourier and
Fourier-Stieltjes algebras of G, respectively. In [34] E. Granirer and M. Leinert,
answering a conjecture of McKennon [52], proved that, for any locally compact
group G, on the unit sphere S = {¢ € B(G): ||¢|| = 1}, the weak*-topology and
the multiplier topology agree. The multiplier topology is the one for which a net
(¢o) converges to ¢ if and only if, for each y € A(G), ||(¢a — d)¥| — 0. In
particular, if the group G is compact, on the unit sphere S of B(G) (= A(G))
the weak* and the normal topologies agree so that the space 4(G) has the RNP
(= Radon-Nikodym property) [6, Theorem 4.4.3]. In [66] K. Taylor showed that
the compact groups are not the only topological groups for which the space A(G)
has the RNP. For instance, if G is the Fell group, which is not compact, then the
space A(G) has the RNP as well. One of the purposes of this paper is to further
investigate the RNP and some other geometric properties such as weak RNP, the
DPP (= Dunford-Pettis property) and the Schur property on the algebras A(G)
and B(G), and to relate these properties to the properties of the multiplication
operator 7, on the group C*-algebra C*(G). Here, for f in C*(G), the
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operator 7,: C*(G) — C*(G) is defined by 7,(g) = f-g, the product of f
and g in C*(G). Some of the results of the paper can be summarized as
follows (see Theorems 4.3 and 4.5): For any locally compact group G, the
following are equivalent. (a) G is compact. (b) The space B(G) has the
RNP and the DPP. (c) The space B(G) is an [!-sum of finite dimensional
Banach spaces. (d) The space B(G) has the Schur property. (e) The C*-
algebra C*(G) is scattered and has the DPP. (f) The algebra C*(G) does not
contain an isomorphic copy of /! and has the DPP. (g) Every bounded linear
operator T : C*(G) — B(G) is compact. (h) Each functional ¢ in B(G)
is almost periodic on C*(G). (i) For each f in C*(G), the multiplication
operator 7 : C*(G) — C*(G) (ts(g) = f-g) is compact. (j) For each f in
C*(G), the multiplication operator 7, is weakly compact. (k) The C*-algebra
C*(G) is a co-sum of finite dimensional C*-algebras. (1) The von Neumann
algebra V' N(G) generated by the left regular representation of G is the direct
summand of finite dimensional C*-algebras. (m) The unit ball of V' N(G) has
jointly continuous multiplication in the ¢ (= ultraweak) topology. (n) G is an
[IN]-group and the space A(G) has the RNP. (o) Each functional ¢ in A(G)
is almost periodic on V' N(G). (p) G is a [MOORE]-group and B(G) has the
RNP. We also show that (Theorem 6.7) the locally compact group G is an
[AU]-group (i.e., the enveloping von Neumann algebra of C*(G) is atomic [66,
Theorem 4.2]) if and only if, for each f in C*(G), the multiplication operator
1, from C*(G) into C*(G) is a weakly precompact operator. That is, for each
bounded sequence (g,) in C*(G), the sequence (f-g,) has a weakly Cauchy
subsequence. This result draws a fine line between compact groups (for which
7, is weakly compact) and [AU]-groups. At this point we note that if G is
the Fell group [3] for instance then, for every f in C*(G), the operator 7 is
weakly precompact but, G not being compact, 7, is not weakly compact for
at least one f in C*(G).

Another problem tackled in the paper is the problem of Arens regularity of
the projective tensor product of two C*-algebras. As is well known [2] on the
second dual A4** of any Banach algebra A there exist two algebra multiplica-
tions extending that of 4. When these multiplications coincide on 4** then
the algebra A is said to be Arens regular. Given any two Banach algebras 4 and
B, on their projective tensor product A®B there exists a natural Banach alge-
bra multiplication which is the linear extension of the following multiplication
on decomposable tensors

a®b-a®b=aa®bb,

see Chapter VI of the book [5] and the papers [27 and 68]. The Arens regularity
of the algebra A®B has been studied in [71] where it has been shown, among
other things, that the projective tensor product of two commutative C*-algebras
is Arens regular. The question whether the projective tensor product of two non-
commutative C*-algebras is Arens regular or not was left open. The results we
present in this paper show that the projective tensor product of even two von
Neumann algebras need not be Arens regular and that, for two von Neumann
algebras 4 and B, Arens regularity of the algebra A®B is closely connected
with the properties that the algebra 4 or B is finite or atomic. In particular
we shall see that, for any locally compact group G, G is compact if and only if
the space B(G) (resp. A(G)) has the RNP and for any C*-algebra A4, the alge-




FOURIER AND FOURIER STIELTJES ALGEBRAS 323

bra C*(G)®4 (resp. C;(G)&A) is Arens regular. The fact that the projective
tensor product of two C*-algebras need not be Arens regular also solves in the
negative the following two questions that arise naturally. To explain these two
questions, let 4 and B be two C*-algebras and A® B be their algebraic tensor
product. Although the space 4 ® B is a x-algebra, the projective tensor norm
is not a C*-algebra norm. However there always exists a cross norm on 4 ® B
under which the completion of 4 ® B is a C*-algebra [60, p. 60]. Another
alternative that comes to one’s mind is this: Can we keep the projective tensor
norm but change the multiplication on A®B so as to make it into a C*-algebra?
Arens regularity considerations will show that this is not possible. To explain
the second question, we recall that according to Grothendieck-Pisier-Haagerup
inequality [38], every bounded linear operator from A4 to B* (or, from B to
A*) is weakly compact. This is of course not a characteristic property of C*-
algebras and the following question arises naturally: Is every bounded linear
operator u : A®YB — (A®B)* weakly compact? Again Arens regularity consid-
eration will show that this is not the case. Some other applications to related
problems are also given.

Arens regularity of the commutative Banach algebra 4,(G), 1 < p < o0,
has recently been studied by B. Forest [26]. It is shown, for example, that if
the algebra A,(G) is Arens regular then the group G is discrete. Furthermore,
as shown in [51, Proposition 5.3], for p = 2 and G amenable, 4,(G) =
A(G) is Arens regular if and only if G is finite. In this paper, we shall study
some problems related to Arens regularity of the algebra A4,(G). We shall also
establish a one-to-one correspondence between the compact subgroups of G
and all nonzero 6(A4,(G), L'(G))-closed right translation invariant subalgebras
of A4,(G) which are closed under conjugation and a one-to-one correspondence
between the set of closed subgroups of G and certain topologically invariant
subalgebras of PM,(G).

This paper is organized as follows. In §2 we gather some notations and
definitions we need in the sequel. In §3 we establish some general results on the
geometry of the dual space of a C*-algebra. We answer in particular a problem
raised by Professor John Duncan during the regional conference of the American
Mathematical Society held in Fayetteville (Arkansas), March 1990, concerning
the characterization of those C*-algebras 4 on which each functional f* in
A* is almost periodic. In §4, we apply the characterizations obtained in §3 to
our main results in §4 concerning geometric properties of the algebras A(G) and
B(G). In §5 we study similar properties on the group algebra L!(G) and the
measure algebra M (G) . In §6, we give some results relating the properties of the
group G to those of the multiplication operator 7, on C*(G). In §7 we study
Arens regularity of the projective tensor products C*(G)®A4 and C;(G)®A ,
when the space B(G) (resp. A(G)) has the RNP and A4 is a C*-algebra. We
also answer some questions raised in [71] as well as some other related problems.
Finally, in §8 we study Arens regularity and invariant subalgebras of the Banach
algebra A,(G) as well as certain weak*-closed topologically invariant subspaces
of PM,(G).

2. PRELIMINARIES AND SOME NOTATIONS

Let G be a locally compact group with a fixed left Haar measure u, which
is also denoted by dx. The usual LP(G) spaces (1 < p < oo) used in this
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paper are defined with respect to this measure u. By C(G) we denote the
Banach space of bounded continuous complex valued functions endowed with
the supremum norm. By Cy(G) we denote the subspace of C(G) consisting of
the functions which are null at infinity. For any Banach space X , we denote by
X* and X** its first and second continuous duals. We regard X as naturally
embedded into X**. For x in X and x* in X*, by (x, x*) (or by (x*, x))
we denote the natural duality between X and X*. For any Banach algebra 4, a
in A and f in 4*, by af (resp. fa) we denote the element of A* defined by
(af, b) = (f, ba) (resp. (fa, by = (f, ab)). Also, for f in C(G) and s in
G, sf is the element of C(G) defined by sf(¢) = f(st). The group G is said
to be “amenable” if there exists a positive functional on C(G) of norm one
such that ¢(sf) = ¢(f) forall f in C(G) and s in G. All solvable groups
and all compact groups are known to be amenable. However, the free group
on two generators is not amenable. For more information on this subject we
refer the reader to Greenleaf’s book [36] and the recent books of Pier [56] and
Paterson [54]. As usual, we denote by C*(G) the group C*-algebra of G [25]
and by C7(G) the reduced group C*-algebra of G. Thatis, C;(G) is the norm
closure of the space {p(f): f € L'(G)} in the operator algebra B(L2(G)) of
bounded linear operators on L?(G). Here p(f): L*(G) — L*(G) is the linear
operator defined by p(f)(g) = f * g, the convolution of the functions f and
g . If we denote the norm of an element f in C*(G) by ||f| then one always
has ||f|| > |lp(f)|| foreach f in L'(G), where ||p(f)| is the operator norm
of p(f) as an element of B(L*(G)). These two norms are equal if and only
if the group G is amenable [36, p. 161], and in this case the two C*-algebras
C*(G) and C;(G) coincide.

Let P(G) denote the subspace of C(G) consisting of all positive definite
functions on G, and let B(G) be its linear span. Then, as is well known [25],
the space B(G) can be identified with the dual of the algebra C*(G). In this
identification, the elements of P(G) correspond precisely to the positive linear
functionals on C*(G). In duality (C*(G), B(G)), for f in L!(G) and ¢
in B(G) the action of ¢ on f is given by (¢, f) = [, f(t)o(t)dt [25, p.
192]. As proved in [25, Proposition 2.16], the space B(G) with the pointwise
multiplication and the dual norm

1]l = sup {

/ f(t)¢(t)dt‘ fer'@). <1}

is a commutative Banach algebra, called the Fourier-Stieltjes algebra of G.
Let A(G) denote the linear subspace of Cy(G) consisting of all functions of
the form hx f, where the functions f and 4 arein L(G) and k(s) = k(s ).
Let also V' N(G) be the von Neumann algebra in B(L?(G)) generated by the
space {p(f): f € Coo(G)}, where Cp(G) is the subspace of Cy(G) consisting
of functions with compact supports. Then, each ¢ = h * f in A(G) can be
regarded as an ultraweakly continuous linear functional on V' N(G) defined by

oT)=(T(h), f) (T eVN(G)).

P. Eymard proved that each ultraweakly continuous linear functionals on VN(G)
is of this form [25, Theorem 3.10]. Furthermore, A(G) is the closed linear span
of P(G)NCy(G) in B(G). In particular, A(G) is a closed ideal of B(G), called
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the Fourier algebra of G. Also, the norm of an element ¢ in A(G) C B(G) is
the same as the norm of ¢ as a linear functional on V' N(G). As is well known,
when G is a locally compact abelian group, A(G) ~ L‘(G), B(G)~ M (G)
and VN(G) ~ L°°(@) . Here the sign ~ stands for “isometrically isomorphic”
and G is the dual group of the group G, see [25] for details. Also, when G is
compact, A(G) = B(G).

Let A be an arbitrary Banach algebra and A4, be its closed unit ball. For
fin A*,let H(f) ={af :a € A;}. The functional f is said to be “weakly
almost periodic on A” (resp. almost periodic on A) if the set H(f ), which is
a convex bounded subset of A4*, is relatively weakly compact (resp. relatively
compact). By wap(A4) (resp. ap(A)) we denote the linear subspace of A4*
consisting of all weakly almost periodic (resp. almost periodic) functionals on
A. The space wap(A) is a closed subspace of 4* and the equality wap(A4) =
A* is equivalent to the fact 4 is Arens regular, see for instance the paper
[70]. We recall that on the second dual 4** of any Banach algebra A there
exist two algebra multiplications extending that of A4 and that A is said to
be Arens regular if these multiplications coincide. Details of the construction
of the multiplications can be found in many places including the book [5], the
pioneering paper [2, 14] and the survey article [23]. See also the papers [29]
and [70] for a functional analytic approach to this problem.

Next we recall definitions of some geometric properties we shall use in the
subsequent sections. Let X be a Banach space.

Radon-Nikodym property (RNP). There exist several equivalent formulations
of this property; here we shall adapt the following geometric definition. The
Banach space X is said to have the RNP if each closed convex subset D of
X is dentable, i.e.,, for any ¢ > 0 there exists an x in D such that x ¢
Co(D\B;(x)), where B.(x) = {y € X : |x —y|| < &}. In this paper we shall
mostly use the RNP on dual spaces through the following result: The space X*
has the RNP if and only if every separable subspace of X has separable dual
[6, Corollary 4.1.7]. For more information on this notion we refer the reader
to the books of Bourgin [6] and Diestel-Uhl [21].

Dunford-Pettis property (DPP). This notion, which has been introduced by A.
Grothendieck in [37], also has several equivalent formulations. Here we shall
adapt the following one: The Banach space X is said to have the DPP if],
for any Banach space Y, every weakly compact linear operator u : X — Y
sends weakly Cauchy sequences into norm convergent sequences. For more
information on this property we refer the reader to Grothendieck’s seminal
paper [37] and to Diestel’s survey paper [19].

Schur property. It is well known that in /! weakly convergent sequences are
norm convergent. Any Banach space which shares this property with /! is said
to have the Schur property. We shall use this property mostly in the following
equivalent form: A Banach space X has the Schur property if and only if every
weakly compact subsets of X are norm compact.

Flatness. Let S = {x € X :||x|| = 1} be the unit sphere of the Banach space X .
The space X issaid to be flat if there exists a continuous function g : [0, 1] — S
with g(1) = —g(0) and so that the length of the curve g(t) (0<t<1) is 2,
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see [7, p. 18]. We are interested in this property only because of the fact that
the flat Banach spaces do not have the RNP, see [41, 66] and references there.

Atomic von Neumann algebra. Let M be a von Neumann algebra and M, be
its predual. The algebra M is said to be atomic if every nonzero projection in
M majorizes a nonminimal projection, see [62, p. 155].

Strongly finite von Neumann algebra. Again let M be a von Neumann algebra.
The algebra M is said to be strongly finite if, for each ¢ in M, , the set
{v*¢v : v € M¥} is relatively norm compact. Here M* denotes the group of
unitary elements of M , and a¢b is the element of M, defined by (a¢b, ¢) =
(¢, ach), for a,b,c in M, see [35].

Direct sum of C*-algebras. Let (A,)ac; be a family of C*-algebras. By
(3, @ Aa)o we denote the C*-algebra of all bounded families a = (@)qer
with a, € 4,, equipped with the norm |a|| = sup, ||a.| , the coordinatewise
multiplication and involution. By (3", @ 4.)o we denote the C*-subalgebra
of (3@ A4.) consisting of the families a = (a,) which are null at infinity,
i.e.,, Ve >0, |la,|| < ¢ for all but finitely many « in 7.

Enveloping von Neumann algebra of a C*-algebra. Let A be a C*-algebra.
Every C*-algebra being Arens regular, on the second dual 4** there exists a
unique algebra multiplication extending that of 4. The space A** equipped
with this unique multiplication is a C*-algebra and is said to be the enveloping
von Neumann algebra of 4, and is denoted by 4.

Now we recall some definitions about locally compact groups we shall need
in later sections. Let G be a locally compact group.

(a) The group G is said to be an [AU]J-group if the enveloping von Neu-
mann algebra of the group C*-algebra C*(G) is atomic. This is equivalent to
saying that the von Neumann algebra generated by every continuous unitary
representation of G is atomic.

(b) The group G is said to be an [AR]-group if the algebra V' N(G) is atomic.
We clearly have the inclusions

[compact] C [AU] C [AR].

Here [compact] denotes the collection of compact groups ... etc. These inclu-
sions are proper, see [66].

(c) The group G is called an [IN]-group if there is a compact neighbourhood
of the identity e of G which is invariant under inner automorphisms.

(d) The group G is called a [SIN]-group if there exists a base for the neigh-
borhood system of e consisting of compact sets invariant under inner automor-
phisms. Or, equivalently, the left and right uniformities of G are the same.
Obviously we have

[compact] C [SIN] C [IN]

and these inclusions are proper, see [53].

3. C*-ALGEBRAS SATISFYING THE EQUALITY ap(A) = A*

Let A be a C*-algebra and A; be its closed unit ball. We recall that, for ¢
in A* and a in 4, a¢: A — C is the functional defined by (a¢, b) = (¢, ab)
and that ¢ is said to be “almost periodic in A” if the set H(¢) = {ad : a €
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A} is relatively compact. This is equivalent to saying that the bounded linear
operator T, : A — A*, defined by Ty(a) = ¢a, is compact. Since, for a in 4,
T;(a) = ¢a, where ¢a is defined by (¢a, b) = (¢, ba) and T is the adjoint
of T, this is also equivalent to the fact that the set {¢a :a € 4,} is relatively
norm compact. The collection ap(A4) of all almost periodic functionals on A
is a closed linear subspace of A4*.

A result of [24] shows that for a commutative C*-algebra 4 = C(K) the
equality 4* = ap(A4) holds if and only if the compact Hausdorff space K is
dispersed, i.e., K has no nonempty perfect subset. Among 16 characterizations
of the dispersed compact Hausdorff spaces given in [55] we note the following:
The compact space K is dispersed if and only if the space C(K) does not
contain an isomorphic copy of /! if and only if the dual space of C(K) has
the RNP. Our aim in this section is to show that similar results hold for any
C*-algebra A satisfying the equality ap(4) = A*. However, we should note
that as far as the equality ap(4) = 4* is concerned the basic difference between
commutative and noncommutative C*-algebras seems to be the DPP. Any com-
mutative C*-algebra has this property [37] whereas it is quite exceptional that
a noncommutative C*-algebra has this property, see the papers [39, 12 and 13]
for results about C*-algebra having the DPP.

For the proof of the main result of this section we need some preliminary
results with which we now proceed. Let (2, X, u) be a probability space. We
recall that the measure u is purely atomic if and only if u is of the form
p=372,Aid, with > 4; =1 and &, is the Dirac measure at ¢, see [46, p.
31].

Lemma 3.1. The natural injection i: L>(u) — L'(u) is compact if and only if
the measure u is purely atomic.

Proof. First observe that the operator i is always weakly compact for every
finite measure u . Therefore i is compact if and only if any uniformly bounded
sequence (¢,) in L*°(u) has a u-a.e. convergent subsequence. Now, assume
u is purely atomic and let (¢,) be a sequence in the unit ball of L>°(u). Then
a simple application of Cantor’s Diagonal Method shows that (¢,) hasa u-a.e.
convergent subsequence so that i is compact.

Conversely, assume that the operator i is compact. Decompose u as u =
A+ ji, where A is an atomless measure, f is a purely atomic measure and
ALji. Since ALj, the natural injection L>(A) — L'(4) is also compact. But
then the space L!(4) is separable since L>(A) is dense in L!(4) and the unit
ball of L>(A), being relatively compact in L'(4), is separable as a subset of
L'(A). Now, by Carathéodory’s classification of atomless separable measure
algebras [47, Theorem 5, p. 121], the Banach space L!(4) is isometrically iso-
morphic to the Lebesgue space L'([0, 1], m). It follows that the spaces L>(1)
and L>([0, 1], m) are also isometrically isomorphic and the natural injection
L>([0, 1], m) — L'([0, 1], m) is also compact. However this is not possi-
ble since, for instance, the uniformly bounded sequence ¢,(x) = sin(nmx) of
L>([0, 1], m) has no m-a.e. convergent subsequence. From this contradiction
we conclude that the measure A is zero and u = ji is purely atomic. O

Corollary 3.2. The set {f-9: 9 € L®(u), ||¢llo < 1} is relatively compact in

L'(u) for each f in L'(u) if and only if u is purely atomic.
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Proof. If u is purely atomic this is immediate to see. To see that the converse
also holds, it is enough to take f =1 and apply the preceding lemma. 0O

Another result we need for the proof of the main results of this section is the
following lemma.

Lemma 3.3. Let A bea C*-algebra and f an element of A*. Then f is almost
periodic on A ifand only iftheset D = {afb:a, b € A} is relatively compact.

Proof. Assume f is almost periodic on 4. Then the sets {af:a € 4;} and
{fb:be€ A} are relatively compact. Let ¢ > 0 be an arbitrary number. Then
there exist finitely many elements a;, a>, ..., a, in A4; such that

{af:ae A1} C{aif,...,anf} +€A].
Hence n
D={afb:a,be A4} | J{aifb:be A} +e4;,

i=1
and the set D is relatively compact by Lemma 2, which is also valid for the
norm topology, of [20, p. 227].

Conversely, assume that the set D is relatively compact. Then since A is
Arens regular and has a bounded approximate identity (€,).cs, f is of the
form ag for some a in A and g in A4*, see [69, Corollary 3.2], for instance.
Hence

leaf = f 1| = ll(aea) g — agll < |||l llaes — all — 0.
Now let ¢ > 0 be arbitrary and choose an « in I such that |le,f — f|| < €.
Then,

{fb:be A1} C{eafb:be A1} +eA] CD+ed]

so that again by [20, Lemma 2, p. 227] the set {fb : b € A,} is relatively
compact, i.e., f is almost periodicon 4. 0O

The following theorem is one of the main results of this section.

Theorem 3.4. Let M be a von Neumann algebra and M, be its predual. Then
the following assertions are equivalent.

(a) Each ¢ in M. is almost periodic on M .

(b) M is the direct summand of finite dimensional C*-algebras.

(c) On the unit ball of M the multiplication is jointly weak *-continuous.

(d) The algebra M is finite and atomic.

(e) The algebra M is finite and M., is not flat.

(f) The algebra M is finite and M, has the RNP.

(g) The space M, has the Schur property.

Proof. (a) = (b). Assume that (a) holds. Then, by Lemma 3.3 above, the
von Neumann algebra M is strongly finite. Therefore, by Theorem 5.4 of [35],
M is of the form Z & (). ®A4a) - Here each A, is a finite dimensional C*-
algebra and Z is an abelian von Neumann algebra. Consequently, Z is of
the form Z = (Zﬁ @ L>(Qp, ug)) » where each (Qp, ug) is a probability
space [60, p. 46]. By Corollary 3.2 above, each ug is purely atomic. Hence
Z =[*(I") for some set I". Since />=(I") is also a direct summand of a family
of one dimensional C*-algebras, we see that M is a direct summand of the
finite dimensional C*-algebras.
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(b) = (c). Assume M is of the form M = (3, @ Aa)w , Where each A,
is a finite dimensional C*-algebra. Let 7 be the topology of pointwise conver-
gence on I, i.e., the product topology on [], A, . Then, the space (M;, weak*)
is compact and the space (M;, 1) is Hausdorff. Moreover the weak*-topology
is stronger than 7. Hence these two topologies agree on A . Since the mul-
tiplication on M is clearly jointly continuous for the topology 7, it also is
jointly continuous in the weak*-topology.

(c) = (a). Assume the multiplication is jointly continuous on M in the
weak*-topology. Then the space (M, weak*) is a compact topological semi-
group. Hence C(M,) = AP(M,), where AP(M;) denotes the space of contin-
uous almost periodic functions on (M;, weak*), see [18]. It follows that each
¢ in M, is almost periodic.

The equivalences (d) < (e) < (f) hold since, by Theorem 4.2 of [66], M
is atomic if and only if M, is not flat if and only if M, has the RNP. Also
the equivalence (d) < (g) is established in [59, Theorems 1 and 2] and [39,
Theorem 3].

(a) = (d). Assume (a) holds. Then, by Lemma 3.3 above, M is strongly
finite, so finite [73]. Also, by (b), M is of the form M = (Y}, @ 4a)oo , Where
each A4, is a finite dimension C*-algebra. Let 4 = (3", @ 4a)o. Then M is
the enveloping von Neumann algebra of 4, and M is atomic [62, p. 157].

(g) = (a). Assume (g) holds. Then for each ¢ in M, , by Arens regularity
of M, the set {a¢ :a € M,} is relatively weakly compact, so relatively norm
compact since the space M, has the Schur property. O

The next lemma, which is needed for the proof of Theorem 3.6 below, is
actually a corollary of Lemma 3.3 above.

Lemma 3.5. Let A be a C*-algebra, A its enveloping von Neumann algebra
and f an element of A*. Then f is almost periodic on A if and only if the set
H={afb:a,be A} is relatively compact.

Proof. Assume f is almost periodicon 4. Thentheset D= {afb:a, b€ A}
is relatively compact by Lemma 3.3 above. Hence D, the norm closure of D,
is a norm compact (so weak*-closed) subset of A*. Let a, b be two elements
in 4. By the Goldstine lemma, there exist nets (a,) and (bg) in A4; such
that a, — a and by — b in the weak*-topology of A. Now it is immediate to
see that, in the weak*-topology of A4*,

aafbﬂ—’&fbﬁ and &fbﬂﬁflfi)

so that the set H is contained in D, and it is relatively compact. The converse
is immediate. O

In the next theorem we give several characterizations of C*-algebras satisfy-
ing the equality A* = ap(A4). This answers a question raised by Professor John
Duncan during the regional conference of the American Mathematical Society
held in Fayetteville (Arkansas), March 1990. For the proof of this theorem, we
use the following result: The dual space X* of a Banach space has the Schur
property if and only if X has the DPP and X does not contain a copy of /!,
see Theorem 3 and the remark following it in [19, p. 23].

Theorem 3.6. Let A be a C*-algebra. Then the following assertions are equiva-
lent.
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(a) ap(4) = A*.

(b) The space A* is an ['-sum of finite dimensional Banach spaces.

(c) The space A* has the Schur property.

(d) The space A* has the RNP and the DPP.

(e) The space A* is not flat and has the DPP.

(f) The algebra A is scattered and has the DPP.

(g) The algebra A does not contain a copy of I' and has the DPP.

(h) Every bounded linear operator T : A — A* is compact.

(i) Every irreducible representation of A is finite dimensional and A* has the
RNP.

Proof. Theorem 3.4 above applied to the von Neumann algebra 4** shows that
the implications (a) = (b) and (c) = (a) hold. By [28, Corollary VII.10], 4*
has the RNP if and only if 4 does not contain an isomorphic copy of /'. By
[66, Theorem 3.5], A* has the RNP if and only if 4* is not flat. We also
know that 4 has the DPP if 4* has it [37, Corollary of Proposition 1, p. 136].
These facts combined show that the implications (d) < (e) = (f) & (g) hold.
The implication (f) = (e) holds by Theorem 7 of [4]. The equivalence (g)
(c) follows from the note preceding this theorem. To prove the implication
(g) = (h), assume that (g) holds. Then the space A* has the Schur property.
On the other hand, as an immediate consequence of the Grothendieck-Pisier-
Haagerup inequality [38], every bounded linear operator 7 : 4 — A* is weakly
compact, so compact. The implication (h) = (a) is trivial since to say that a
functional f in A* is almost periodic is equivalent to saying that the bounded
linear operator T, : A — A* defined by Ty(a) = af is compact. To prove
that (b) = (c) assume that A4* = ()}, Xa)1, where each X, is a finite
dimensional Banach space. Then by [17, Lemma, p. 31] A* has the DPP.
Now if we put B = (>, @ Xa)o, then B* = 4*. It follows that B also has
the DPP [17, Corollary of Proposition 1, p. 136]. Since B does not contain
an isomorphic copy of /!, again by the note preceding the statement of this
theorem, we conclude that 4* has the Schur property. Finally, the equivalence
(f) & (i) follows from [39, Theorem 1]. O

Remark 3.7. (a) In view of the implication (a) = (b) and its proof it seems
likely that any C*-algebra A satisfying the equality ap(A4) = A* is of the form

A=Co(S)D (X, D4a), »

where each A, is a finite dimensional C*-algebra and S is a dispersed locally
compact Hausdorff space determined (within a homeomorphism) by the algebra
A (note that Cy(S) may be the center of 4). However as the dual 4* of a
C*-algebra does not determine (within an isometric isomorphism) uniquely its
predual, from the implication (a) = (b) we cannot conclude that A is of this
form.

(b) In contrast with commutative C*-algebra, where, for 4 = C(K), A* =
ap(A) if and only if K is dispersed [24], there exist scattered noncommutative
C*-algebras 4 with ap(4) = {0}. Indeed, if H is an infinite dimensional
Hilbert space and A = K(H) is the C*-algebra of compact linear operators on
H then A is scattered [10] and ap(A4) = {0} [24, Proposition 3.3]. As far as
the equality A* = ap(A) is concerned the basic difference between commutative
and noncommutative C*-algebras seems to be the DPP. It is well known that




FOURIER AND FOURIER STIELTJES ALGEBRAS 331

the algebra K(H) lacks this property, see [39, Lemma 2] and also the following
simple proposition.

Proposition 3.8. Let A be a Banach algebra which is an ideal in its second dual.
If ap(A) = {0} then A cannot have the DPP.

Proof. Since A is an ideal in its second dual (equipped with either Arens mul-
tiplication), for each element a in A, the multiplication operator 7,: 4 — A4
defined by 7,(x) = ax is weakly compact [23, Lemma 3, p. 318]. Should A4
have the DPP, for any b and ¢ in A4, with a = bc, the operator 7, = 7,0 7,
would be compact. But then, for each f in A4*, the functional g = af would
be almost periodic, contradicting the hypothesis that ap(A4) = {0} . Therefore
A does not have the DPP. O

While passing we remark here that if X is a reflexive Banach space with the
approximation property then the algebra 4 = K(X) is an ideal in its second
dual B(X) and since ap(A4) = {0} [24, Proposition 2.3] for no u in K(X),
the multiplication operator 7, : K(X) — K(X), 7,(v) = uowv, is compact.

4. SOME GEOMETRIC PROPERTIES ON FOURIER AND
FOURIER-STIELTJES ALGEBRAS

In this section we apply the results obtained in the preceding section to the
Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) associated to a
locally compact group G .

For the proof of the main results of this section we need the following lemma,
which is of independent interest. This lemma indicates a practical method of
proving that a dual C*-algebra has the DPP, see especially the equivalence
(c) & (d) and Lemma 8.6 below.

Lemma 4.1. Let H be a Hilbert space and let A be a C*-subalgebra of K(H).
Then the following assertions are equivalent.

(a) ap(A4) = A*.

(b) The space A* has the Schur property.

(c) The space A has the DPP.

(d) For each a in A, the multiplication operator 1, : A — A defined by
ta(x) = xa is compact.

(e) A is a co-sum of a family of finite dimensional C*-algebras.
Proof. Since the algebra K(H) is scattered [10], the algebra A4 does not contain
a copy of ['. Therefore the equivalences (a) < (b) < (c) hold by Theorem
3.6 of the preceding section. To prove the implication (c¢) = (d), assume
that 4 has the DPP. Let a be an element in A. Then by the Cohen-Hewitt
Factorization Theorem [42, 32.22], a = bc for some b and ¢ in 4. On
the other hand, since K(H) is an ideal in its second dual B(H), so is A
and consequently the multiplication operators 7, and 7. are weakly compact.
Hence, since the algebra A has the DPP, the operator 7, = 75 0 7, is compact.
[Of course, for the same reason, the operator x — ax is also compact.] The
equivalence (d) < (e) is proved in [1, Corollary 2.6]. The implication (e) = (a)
is trivial. 0O

We recall that a locally compact group G is said to be a Moore group, which
is denoted by G € [MOORE], if each irreducible continuous unitary represen-
tation of G is finite dimensional, see [53]. Clearly all compact groups and all
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abelian groups are Moore groups. Let W*(G) = C*(G)**. Then we have the
following resulit.

Theorem 4.2. Let G be a locally compact group. Then the following assertions
are equivalent.

(a) G € [MOORE].

(b) The space B(G) has the DPP.

(c) The space C*(G) has the DPP.

(d) The von Neumann algebra W*(G) is finite.

(e) The von Neumann algebra W*(G) is finite and of type 1.

(f) The von Neumann algebra V N(G) is finite and type 1.

Moreover when G is discrete, each of the above assertions is equivalent to

(g) G has an abelian subgroup of finite index.

Proof. Since irreducible continuous unitary representations of G correspond to
irreducible representation of the C*-algebra C*(G) [22, 13.9], the equivalences
(a) & (b) & (c) & (d) & (e) are a direct consequence of [39, Theorem 1] and
the theorem in [12]. Also, the equivalence (a) < (f) follows from [44, Theorem
3]. Finally, the equivalence (a) < (g) follows from [67], See also [45 and 61].

The first main result of this section is the following theorem.

Theorem 4.3. Let G be a locally compact group. Then the following assertions
are equivalent.

(a) G is compact.

(b) Each ¢ in A(G) is almost periodic on the algebra V N(G).

(c) On the unit ball of V N(G) the multiplication is jointly continuous in the
a-topology.

(d) The algebra V N(G) is the direct summand of finite dimensional C*-
algebras.

(e) G € [IN]N[4R].

(f) G € [IN] and the space A(G) is not flat.

(g) G € [IN] and the space A(G) has the RNP.

(h) The space A(G) has the Schur property.

Proof. The equivalences (b) < (c) < (d) & (h) are direct consequences of
Theorem 3.4 above. The equivalences (e) & (f) < (g) follow from [66, The-
orem 4.2]. The implication (a) = (h) follows from Theorem 4.2 and Lemma
4.1 above since every compact group is in [MOORE]. To prove the implication
(a) = (g), it is enough to prove that the space 4(G) has the RNP, which is
an immediate consequence of [66, Corollary 3.7] since, for G compact, C*(G)
is a dual C*-algebra (see also [34, Theorem B1]). To prove the implication
(c) = (a), assume that (c) holds but G is not compact. Let (x,) be anetin G
that converges to “infinity.” Let L, : L>(G) — L?(G) be the operator defined
by L, (h) = h(x;'y). Then, if necessary passing to a subnet, we can assume
that the net (L, ) converges in the g-topology of V' N(G) to some element T
of VN(G). Now, since A(G) C Cyo(G), for each ¢ in A(G),

(¢, Lx,) = ¢(xa) — 0.

Hence (¢, 7) =0 forall ¢ in 4(G), and T = 0. It follows that zero is in

the set G = {{«x X € G}f . Since the mapping x — L, is a homeomorphism
from G into G, the set G equipped with the g-topology has jointly continuous
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multiplication. But this is not possible since otherwise the space ((~? , o) would
be a compact group, which is impossible.

To complete the proof it remains to show that (e) = (a). Assume G is in
[IN]JN[AR]. Then, since G is in [IN], there exists a compact normal subset K
of G such that G/K is a [SIN]-group [53, p. 718]. On the other hand, since G
is in [AR], the space A(G) has the RNP [66, Theorem 4.1]. As A(G/K) is iso-
metrically isomorphic to the closed subalgebra of 4(G) consisting of functions
constant on cosets of K [25], A(G/K) also has the RNP. Hence by Theorem
3.4 above, the multiplication of V' N(G/K) is jointly continuous on its unit ball
for the o-topology. Hence, by the proof of the implication (c) = (a), G/K is
compact. The groups K and G/K being both compact, by [42, 5.25], G itself
is compact. O

Remark 4.4. (a) The equivalence (a) < (e) improves Theorem 4.7 of K. Taylor
[66].

(b) The condition that G is in [IN] cannot be dropped from conditions of
assertions (e), (f) or (g). Indeed, if G is the “ax + b-group” then G not being
unimodular, is not an [IN]-group [53]. However G is in [AR] by [4].

The next theorem is a direct consequence of Theorem 3.6, Lemma 4.1, The-
orem 4.2 and the fact that when G is compact A(G) = B(G).

Theorem 4.5. Let G be a locally compact group. Then the following assertions
are equivalent.
(a) G is compact.
(b) The space B(G) is an I'-sum of finite dimensional Banach spaces.
(c) The space B(G) has the Schur property.
(d) The space B(G) has the RNP and the DPP.
(e) G € [MOORE)] and the space B(G) has the RNP.
(f) The algebra C*(G) is scattered and has the DPP.
(8) The space C*(G) does not contain a copy of I' and has the DPP.
(h) Every bounded linear operator T : C*(G) — B(G) is compact.
(i) The space B(G) is not flat and has the DPP.
() ap(C*(G)) = B(G).

Now let P,(G) be the closure of P(G)NCpo(G) in the compact-open topology
of B(G) and B,(G) be the linear span of P,(G). Then B,(G) is a closed
ideal of B(G) containing A(G) and B,(G) is precisely the dual of C;(G) [25,
Propositions 2.1 and 2.16]. As known [36, p. 61], B,(G) = B(G) if and only
if G is amenable. We denote by G, the reduced dual of G, see [22, p. 357].

Theorem 4.6. Let G be a locally compact group. Then the following assertions
are equivalent.

(a) G is compact.

(b) The space B(G) is an I'-sum of finite dimensional Banach spaces.

(c) The space B,(G) has the Schur property.

(d) The space B,(G) has the RNP and the DPP.

(e) Each o in G, is finite dimensional and B,(G) has the RNP.

(f) The algebra C;(G) is scattered and has the DPP.

(8) The space C;(G) does not contain a copy of | ' and has the DPP.

(h) Every bounded linear operator T : C;(G) — B,(G) is compact.
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(i) B,(G) is not flat and has the DPP.
() ap(C;(G)) = B,(G).
Proof. The equivalences

(b) & (c) & (d) & (e) & (f) & (g) & (h) & (1) & ()

follow from Theorem 3.5. Also, the implication (a) = (b) follows from The-
orem 4.5 and the fact that B,(G) = B(G) when G is compact. Finally, if
(c) holds then A(G), being a closed subspace of B,(G), also has the Schur
property. Hence by Theorem 4.3, G is compact. O

As shown in [66], a locally compact group G is an [AU]J-group (resp. [AR]-
group) if and only if the space B(G) (resp. A(G)) has the RNP. The RNP being
a remarkably stable property one can exploit these equivalences to obtain short
and functional analytic proof of some properties of [AU]- and [AR]-groups.
Below we present some results in this direction, compare with [66, Theorem
4.4].

Proposition 4.7. Let G and G, be two locally compact groups with G € [AU].
Then

(a) If there exists a continuous homomorphism o : G — G, with o(G) dense
in Gy then G, € [AU] too.

(b) If H is a closed normal subgroup of G then G/H is also an [AU]-group.
Proof. (a) Let J : B(G,) — B(G) be the mapping defined by j(u) = uoo.
Then, by Theorem 2.20 of Eymard [25], j is a linear isometry so that we can
identify B(G,) with a closed subspace of B(G). Since the space B(G) has the
RNP, the space B(G,) also has this property. Hence G, is an [AU]-group.

(b) Let 0 : G — G/H be the natural surjection. Then, by (a), G/H is also
an [AU]-group. O

Remark 4.8. Let G be an infinite discrete group and G? be its almost periodic

compactification. The space G?, being a compact group, is an [AU]-group

whereas G, being infinite, is not an [AU]-group [66, Corollary 4.8]. This remark

shows that an open dense subgroup of an [AU]-group need not be an [AU]-group.
In contrast with the preceding remark we have the following result.

Proposition 4.9. An open subgroup G, of an [AR]-group is an [AR]-group.
Proof. By proposition 3.21(1) of [25], the algebra A4(G,) is isometrically iso-

morphic to a subalgebra of 4(G). As A(G) has the RNP, the space A(G,)
also has the same property so that G, is an [AU]-group. O

Proposition 4.10. Let G be an [AR])-group and K a compact normal subgroup
of G. Then the group G/K is also an [AR]-group.

Proof. By Proposition 3.25 of Eymard [25], the space A(G/K) is isometrically
isomorphic to a subspace of A(G). It follows that the space 4(G/K) has the
RNP and G/K is an [AU]-group. O

The last result of this section is the proposition below about separability of
the space B(G) for the proof of which we need the following lemma.

Lemma 4.11. Let A be a separable C*-algebra. Then A* is separable if and
only if extS(A), the set of extreme points in the state space S(A) of A, is norm
separable.
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Proof. If A* is separable then the space ext.S(A) is separable since a separable
subspace of a separable metric space is separable. Conversely, assume ext.S(A4)
is separable. Then an argument similar to the one in [20, Theorem, p. 161]
shows that S(A4) is contained in the norm closure Co(extS(4)) of the convex
hull of extS(A). Since A4* is the linear span of S(4), it follows that A* is
also norm separable. O

Let A bea C*-algebra. For each f € extS(4), let m; be the representation
of A associated to f. For f, g in extS(A4), write f ~ g if and only if
ny and 7mg are unitarily equivalent. Then “~ ” is an equivalence relation on
S(A4). Let f be the equivalence class of f € extS(4). Form a new set E(A)
by taking one element f ineach f. Then clearly, Card E(A) = Card A, where
A denotes the spectrum of A4.

Lemma 4.12. If A isa C*-algebra and A* is separable, then E(A) is countable.

Proof. Since the addition of unit has no effect on the representation of a C*-
algebra, we may assume that A is unital. In this case, if f, g€ E(4), f#¢g,
then || f—g|| > 2 (see [22, p. 64]). Thus E(A4) equipped with the metric induced
by the norm of A* is uniformly discrete. Hence E(A) is countable. O

Proposition 4.13. Let G be a locally compact group. Then the following are
equivalent.

(a) The space B(G) is separable

(b) The subset ext P\(G) of B(G) is separable, where P\(G) = {¢: ¢ € P(G)
and ¢(e) =1}.

(c) The space C*(G) is separable and does not contain a copy of I'.

(d) G is second countable and G is countable.

In this case G is unimodular and contains a compact open subgroup.

Proof. We first remark that the set P;(G) can be identified with the state space
of the C*(G). Now the equivalence (a) & (b) follows from the Lemma 4.11.
As for the equivalence (a) < (c), it is an immediate consequence of the fact
that the dual space of a separable Banach space X has the RNP if and only if
X* is separable [6, Corollary 4.17].

(a) = (d) If B(G) is separable, then o(B(G)), the spectrum of B(G), is
compact and metrizable, and hence second countable. Consequently G, which
is homeomorphic to a subspace of a(B(G)), is second countable. Also, by
Lemma 4.12 (or [66, Theorem 4.5]),A(A} is countable.

(d) = (a) If G is separable and G is second countable, by Theorem 4.5 in
[66], B(G) has RNP. Since C*(G) is separable, B(G) must also be separable
[6, Corollary 4.17].

The final statement follows from [73, Theorem 6.2]. O

Remarks and Questions 4.14. Let G be a locally compact group.

(a) If G is compact then the space A(G) has the DPP by Theorem 4.3. On
the reverse direction, if A(G) has the DPP then the algebra V' N(G) is finite
[39, Lemma 4] so that G is a [SIN]-group [22, 13.10.5]. We do not know for
which groups exactly the space A(G) has the DPP.

(b) If G is compact then the space A(G) is a dual space. But the converse
is not true. In fact, if G is second countable (or more generally, when A(G)
is weakly compactly generated), then A(G) is a dual space if and only if G is
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an [AR]-group (see [66, Theorem 4.1] and [11]). As shown in [4], the “ax + b”-
group is a second countable noncompact [AR]-group. Also if G € [AR], then
A(G) is dual [66, Theorem 3.5]. However, we do not know if the converse is
true without countability assumption.

(c) When is A(G) weakly compactly generated (or equivalently, the von Neu-
mann algebra is o-finite [11, Lemma])? This is the case when G is second
countable.

(d) We do not know if there exists a locally compact group G such that the
space B,(G) has the RNP (resp. DPP) and the space B(G) lacks it.

5. THE CASE OF THE GROUP ALGEBRA AND THE MEASURE ALGEBRA

In this section we apply the results established in §3 to the group algebra
L!(G) and the measure algebra M(G). Note that when G is abelian we have
A(G) = LV(G) and B(G) = M(G), where G is the dual group of G. We also
note that the spaces M,(G), L>°(G), L'(G), and Cy(G) have all the DPP [37].

The next theorem is a direct application of Theorem 3.4 and the fact that
the space Cy(G) does not contain a copy of /! if and only if G is dispersed
[55]. We also note that a locally compact group is dispersed if and only if G is
discrete.

Theorem 5.1. Let G be any locally compact group. Then the following are equiv-
alent.

(a) The group G is discrete.

(b) Each f in L'(G) is almost periodic on L*(G).

(c) The space L'(G) has the RNP.

(d) The space L'(G) is not flat.

(€) The space L'(G) has the Schur property.

(f) On the unit ball of L*°(G) the multiplication is jointly continuous in the
weak*-topology.

(g) The space M(G) has the RNP.

(h) The space M(G) has the Schur property.

(i) The space Cy(G) does not contain a copy of I'.

() The space Cy(G) is scattered.

(k) Every bounded linear operator T : Cy(G) — M(G) is compact.

We shall denote by AP(G) and W AP(G) the spaces of continuous almost
periodic and weakly almost periodic functions on G, respectively.

Corollary 5.2. Let G be a locally compact group. Then the space AP(G)* has the
RNP (or the Schur property) if and only if the space AP(G) is finite dimensional.
Proof. As is well known AP(G) = C(G?), where G? is the almost periodic
compactification of G. The space G being a compact group, the conclusion
follows from the preceding theorem. 0O

At this point we remark that even if G is infinite the space 4P(G) may be
trivial i.e., consists of constant functions, see [9]. Compare this remark with
Remark 3.7(b).

Corollary 5.3. Let G be a noncompact locally compact group and A be a C*-
subalgebra of C(G) containing Co(G) and constant functions. Then A has the
RNP (or the Schur property) if and only if G is discrete and A = Co(G) @ C.
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Proof. The implication (<) is clear. To prove the other implication, assume
that 4* has the RNP (or the Schur property). Then, by Theorem 5.1 above,
ap(A) = A*. Each ¢ in Cy(G)* extends by the Hahn-Banach Theorem to a
functional on A4, which is almost periodic on 4. It follows that each functional
in Cy(G)* is almost periodic on Cy(G), and G discrete. Now let A be the
spectrum of 4 and, for x in G, let X be the point evaluation at x. Then
the mapping x — X is an embedding of G onto a dense subset of A. Let
E = A\G, where G is the image of G under the preceding embedding. Then
each 0 in E is an accumulation point of E, which contradicts the fact that
A is dispersed (since A* has the RNP or the Schur property) unless E is a
one-point set, i.e., A is the one-point compactification of G . It follows that
A=Cy(G)sC. O

Corollary 5.4. Let G be a locally compact group. Then the space W AP(G)*
has the RNP (or the Schur property) if and only if G is finite.

Proof. First assume G is compact and the space WAP(G)* = C(G)* has the
RNP (or the Schur property). Then, by Theorem 5.1 above, G is discrete,
so finite. If G is noncompact and the space W AP(G)* has the RNP (or the
Schur property) then, the preceding corollary applied to W AP(G) shows that
G is discrete and WAP(G) = Co(G) @ C. Hence G is both minimally almost
periodic and minimally weakly almost periodic, which is not possible if G is
infinite [8]. The converse is trivial. O

6. FINE LINE BETWEEN COMPACT GROUP AND [AU]J-GROUPS

The main result of this section (Theorem 6.4) draws a fine line between dual
C*-algebras and scattered C*-algebras. Since the algebra C*(G) is dual (resp.
scattered) if and only if G is compact (Lemma 6.6 below) (resp. G is an
[AU]-group), the main result also draws a fine line between compact groups and
[AU]-groups. Since the algebra C*(G) is dual (resp. scattered) if and only if the
space B(G) has the Schur property (resp. the RNP), the main result can also
be interpreted as a result that draws a fine line between the Schur property and
the RNP on B(G). However this interpretation is not valid for an arbitrary
C*-algebra even if the C*-algebra in question is commutative. Indeed, if K is
a nondiscrete dispersed compact Hausdorff space and 4 = C(K) then A* has
the Schur property as well as the RNP but A4 is not a dual algebra. The main
result characterizes the scattered C*-algebras in terms of operators t,, where
T, is the multiplication operator on the given algebra 4, i.e., 7,(x) = ax.

For the proof of the main result we need some preliminary results with which
we now proceed. Let X be a Banach space and K be a bounded subset of X .
The set K is said to be weakly precompact (or conditionally weakly compact) if
any sequence in K has a weakly Cauchy subsequence. According to Rosenthal’s
celebrated /'-Theorem [57], the unit ball X; of X is weakly precompact if and
only if X does not contain a copy of /!'. And, a bounded linear operator T
from X into a Banach space Y is said to be weakly precompact if and only if
the set T(X,) is weakly precompact.

Lemma 6.1. Let A be an Arens regular Banach algebra with a BAI (= bounded
approximate identity) (e,)qc;. Then
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(a) AA* = A*A = A*, where AA*={af:a€c A, fe A*} and A*A={fa:
acAd, feA}.

(b) For each f in A*, |e.f — f||— 0.
Proof. (a) For the proof of this assertion, see for instance [69, Theorem 3.1].

(b) To prove assertion (b), let f be a functional in A*. Then by (a), f =
ag for some a in 4 and g in A*. As e,f = (ae,)g and (e,) is a BAI,
leaf = fIl < ligllllaes —all = 0. O

Lemma 6.2. Let A be an Arens regular Banach algebra with a BAI. Then A
does not contain a copy of 1' if and only if, for each a in A, the multiplication
operator t, . A — A is weakly precompact.

Proof. (i) Assume A does not contain an isomorphic copy of /!. Then any
sequence (x,) in A; has a weakly Cauchy subsequence (x,, ). Therefore, for
each a in A, the sequence (ax,, ) is also weakly Cauchy and the operator 7,
is weakly precompact.

(ii) Conversely, assume that, for each a in A4, the operator 7, is weakly
precompact. To prove that A4 does not contain a copy of /! it is enough
to prove that none of the separable subalgebras of 4 contains a copy of /!.
Indeed, if X is a separable subspace of A isomorphic to /! then the subalgebra
B of A generated by X is also separable and contains a copy of /!. As in
Lemma 3.4 of [69] one can show that any separable subalgebra of A is contained
in a separable subalgebra of 4 having a sequential BAI. Thus we can and do
assume that the algebra A itself is separable and has a sequential BAI (e,)nen -
By hypothesis, each operator t,, is weakly precompact. Now let (a,) be a
sequence in A4;. Then (a,) has a subsequence (a,,}()k such that the sequence
(ela,,i)k is weakly Cauchy. Now, the operator 7., being weakly precompact,
the sequence (a,,}( )« has a subsequence (a"i)" such that the sequence (eza,,i)k
is weakly Cauchy... and so on. Let (a";’i)" be the diagonal sequence of the
sequences thus obtained. Then, for each p =1, 2, ..., the sequence (epan:)k

is weakly Cauchy. Now let f be a given functional in 4* and ¢ > 0 an
arbitrary number. By the preceding lemma, |le,f — f | — 0. Choose an integer
p such that |le,f — f|| < &/2, and fix this p. Since the sequence (e,,a,,t)k is

weakly Cauchy, there exists a number L in C (depending of course on f) and
an integer ko such that, for k > kg, ||f(e,,a,,£) —L| <e¢/2. Then, for k > ko,

1£(@y) = LIl = 1/ (@) — flepane) + f(epay) — L
<11 = epf gyl + 1 (epas) — LI

e ¢
< —-—4+==¢€.
=3%t77¢
This proves that, for each f in A*, the sequence (f (a,,:))k converges. That
is, the sequence (a,,;:) is weakly Cauchy. Hence, by Rosenthal’s /!-Theorem,

A, is weakly precompact, and 4 does not contain a copy of /!. O

Remark 6.3. Let G be an infinite compact group and 4 = L!(G) be the group
algebra of G. Then A has a BAI and for each a in A, the operator 7,
is compact, see [69, Proposition 3.14] for instance. However, every closed
nonreflexive subspace of L!(G), being weakly sequentially complete, contains,
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again by Rosenthal’s /!-Theorem, an isomorphic copy of /! . This remark shows
that without Arens regularity the preceding lemma may fail.

The next theorem draws a fine line between dual C*-algebra and scattered
C*-algebras.

Theorem 6.4. Let A be a C*-algebra. Then we have:

(a) A is a dual algebra if and only if, for each a in A, the operator 1, is
weakly compact.

(b) A* has the RNP if and only if; for each a in A, the operator 1, is weakly
precompact.

(c) A* has the Schur property if and only if, for each a in A, the operator
T, is weakly precompact and A has the DPP.
Proof. The equivalence in (a) is well known [62, p. 157]. The equivalence
in (b) follows from the preceding lemma and Corollary VII.10 of [28]. The
equivalence in (c) follows from the preceding lemma and Theorem 3.6. O

As explained in the introduction of this section, the two classes of C*-algebras
characterized by (a) and (b) of the preceding theorem are distinct even in the
category of commutative C*-algebras. To emphasize this we state the following
corollary. However, since every commutative C*-algebra has the DPP, in the
category of commutative C*-algebras, the class of C*-algebras characterized by
(b) and (c) are the same.

Corollary 6.5. Let S be a locally compact topological space and A = Cy(S).
Then

(a) S is discrete if and only if, for each a in A, the operator t, is weakly
compact.

(b) S is dispersed if and only if, for each a in A, the operator t, is weakly
precompact.

The analogue of the preceding corollary for the group C*-algebra C*(G) is
Theorem 6.7 below. For the proof of this theorem we need the following lemma,
see [50, Theorem 5] for the amenable case.

Lemma 6.6. Let G be a locally compact group. Then the C*-algebra C*(G) is
a dual algebra if and only if G is compact.

Proof. If G is compact then C*(G) is a C*-subalgebra of the dual algebra
K(L*(G)) so that C*(G) is also a dual algebra. Conversely, assume C*(G) is
a dual algebra. Then the algebra C;(G) is also a dual algebra since by [25,
Proposition 1.15] C;(G) is isometrically isomorphic to a quotient of C*(G)
and that a quotient of a dual algebra is also a dual algebra. But then, by Theorem
3 of [30], G is compact. O

Theorem 6.7. Let G be a locally compact group and A = C*(G). Then

(a) G is compact if and only if, for each a in A, the operator t, is weakly
compact.

(b) G is an [AU]-group if and only if, for each a in A, the operator 1, is
weakly precompact.
Proof. The equivalence in (a) is nothing but the preceding lemma. The equiv-
alence in (b) follows from Theorem 6.4(b) above and Theorem 4.2 of [66].

Here we remark that if G is the Fell group and 4 = C*(G) then, for each a
in A4, the operator 7, is weakly precompact but not every 7, is weakly compact,
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see [66, p. 189]. We also remark that by Theorem 4.2 and by assertion (c) of
Theorem 6.4 above, [COMPACT] = [MOORE] N [AU].

7. ARENS REGULARITY OF THE ALGEBRA C*(G)®A AND
THE RNP oN B(G)

In [71] it was shown that the projective tensor product of two commutative
C*-algebras is Arens regular. The question whether the projective tensor product
of two noncommutative C*-algebras is Arens regular or not was left open. In
this section, we give some results which prove in the negative several questions of
the paper [71]. In particular, we show that the projective tensor product of even
two von Neumann algebras need not be Arens regular. We apply our results to
the projective tensor product of the algebra C*(G) with an arbitrary C*-algebra
A and to several problems about geometric properties of the projective tensor
product of two C*-algebras.

7(a) Arens regularity of projective tensor products. In this subsection we shall
study Arens regularity of the projective tensor product of two C*-algebras. Our
basic tools are the following definition and theorem which we have borrowed
from the paper [71].

Definition 7.1. Let 4, B be two Banach algebras and m: A x B — C be a
bounded bilinear form. The bilinear form m is said to be biregular if, for any
two pairs of sequences (a;), (&) in A4, and (b;), (b;) in By,

limlim m(a;a; , b;b;) = limlim m(a;a;, b;b;)
i J i
whenever these limits exist.

Theorem 7.2. Let A and B be two Banach algebras. Then the algebra AQB
is Arens regular if and only if every bounded bilinear form m : A x B — C is
biregular.

To study Arens regularity of the projective tensor product of two C*-algebras
we need some preliminary results with which we proceed. The proof of the next
lemma is very similar to that of Lemma 3.5 above and can be safely omitted.
Throughout this section the abbreviation rwc will stand for relatively weakly
compact.

Lemma 7.3. Let A be a C*-algebra and f a functional in A*. Then the set
H(f)={a**fb* :a**, b** € A}*} is rwc if and only if the set D(f) = {afb:
a,be A} isrwc

The relative weak compactness of the set H(f) for each f in A4* is very
closely connected, in fact, as we shall see below, equivalent to the finiteness of
the von Neumann algebra 4**. To this end we shall need the following lemma,
which is of independent interest.

Lemma 7.4. Let M be a von Neumann algebra and M. be its predual. For a
Sfunctional f in M, , if theset U(f) = {uifuz:uy, uy selfadjoint and unitary}
is rwc then the set H(f)={afb:a,be M} is rwc.

Proof. Assume the set U(f) is rwc. To prove that the set H(f) is rwc it is
enough to prove that the set H*(f) = {afb:a, b€ M,, a, b are selfadjoint} is
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rwc. Indeed, if @, b arein M|, a=a,+iay, b=by+iby, ar, b, (k=1,2)
are selfadjoint, then afb = a, fb, + ia; fb, + iay fby — a, b, so that H(f) is
the sum of four sets of the form H*(f). Now let M{ = {x € M, : x = x*}.
Then the set of the extreme points of M} is U?, the set of selfadjoint unitary
elements of M}, see [60, p. 12]. Each a in M} is the limit, by the Krein-
Milman Theorem, of a net (a,) of Co U’ in the ultraweak topology. Hence, if
uy isin U*, a,fu, — afu, weakly. Consequently, the set {afu,:a € M]} is
contained in CoU(f), the weak closure of Co U’ . A similar argument shows
that H(f) C CoU(f) so that the set H(f) is rwc. O

Corollary 7.5. Let M be a von Neumann algebra and M, be its predual. Then
M s finite if and only if, for each f in M,, theset H(f)={afb:a,be M}
Is rwc.

Proof. Assume M is finite. Then, for each f in M, , theset K = {ufu*:u €
M, u unitary} is rwc (see [74]). Let f € M, be given. To prove that the set
H(f) is rwc we can assume that f is positive. Then the set K is contained in
M} and by Proposition 5.12 of [62, p. 156] the set {ap :a € M, and ¢ € K}
is rwc. Now, for any two unitary elements u#; and u, of M,

u fus = upus(ua fu3) = a(uy fuz), with a =uu;,

so that u; fu3 is in the set {ap : a € M;, ¢ € K}. It follows that the set
{urfu3 :uy, u € M and are unitary} is rwc. Hence, by the preceding lemma,
the set H(f) is rwc. The converse is trivial. O

Theorem 7.6. Let A be a C*-algebra. Assume that the von Neumann algebra
A** is not finite. Then the algebras AQA** and A**®A** are not Arens regular.
If, in addition, the algebra A is unital, then the algebra A®A is not Arens regular
either.

Proof. Since the algebra 4** is not finite, for some f in A4*, the set D(f) =
{afb:a, b e A} is not rwc by the preceding corollary and Lemma 7.3. There-
fore, by Grothendieck’s Double Limit Criterion, there exist three sequences
(ai), (bi) and (@;) in A, such that the following iterated limits

limlim(a; fb;, a;) and limlim(a,fb;, a;)
i J i

exist and are distinct. Now introduce the bilinear form m : 4 x A** — C
defined by m(a, a**) = (f, aa™*). This bilinear form is bounded. Let 1 be
the unit element of 4**. Put b; =1 for i=1,2,.... Then

m(a;id;, bib;) = (f, aia;b;) = (a;ifb;, a;).
It follows that the bilinear form m is not biregular and, by Theorem 7.2, the
algebra A®A** is not Arens regular. Since the algebra A&A4** is naturally
isometrically isomorphic to a subalgebra of 4**®A4** [21, Corollary 14, p. 238]

the algebra A**®A4** is not Arens regular either. The proof shows that if A4 is
unital, then the algebra A®A is not Arens regular either. O

For an immediate application of this theorem, let H be an infinite dimen-
sional Hilbert space. Then as one can see immediately that the von Neumann
algebra B(H) of bounded linear operators on H is not finite. Therefore the
algebras B(H)®B(H) and K(H)®B(H) are not Arens regular. The algebra
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K(H)®K(H) is not Arens regular either. However, since the algebra K(H) is
not unital, this does not follow from the preceding theorem; it follows from the
next two results instead.

Proposition 7.7. Let A be an arbitrary Banach algebra. Assume that the follow-
ing condition (c) is satisfied: There exists a functional f in A* and an element
e in A such that the set E(f) = {af(be):a,b € A} is not rwc. Then the
algebra A®A is not Arens regular.

Proof. We proceed exactly as in the proof of the preceding theorem but instead
of the unit element of 4** we use the element ¢. O

We recall that, for a Banach space X , the algebra of compact linear operators
K(X) on X is Arens regular if and only if the space X is reflexive, see [75,
Theorem 3] or [72, Theorem 1].

Lemma 7.8. For any infinite dimensional reflexive Banach space X the algebra
K(X) satisfies the condition (c) of the preceding proposition.

Proof. Let X be an infinite dimensional Banach space. Fix x in X and x* in
X* arbitrarily with ||x|]| = ||x*||=1. Let f=x® x*. Then f is a functional
on K(X) and is defined by (f, u) = (u(x), x*). Choose an element y* in
X} such that (x, y*) = 1. Then the one dimensional operator e = y* ® x is
in K(X), and it is such that e(x) = (x, y*)x = x. Now, for 4, v and w in
K(X),

(uf(voe),w)=(x@x", uowovoe)=(x*, uowowvoe(x))
= (' (x"), wou(x)) = (u'(x") @ v(x), w)

so that
uf(voe)=u*(x*)®@v(x).

Choosing for u and v appropriate one dimensional operators such as e, for
any z in X; and z* in X, wecanfind u, v in K(X); suchthat u*(x*) = z*
and v(x) = z so that

{uf(voe):u,veK(X)}=X®X

where X[ ® X, is set of the simple tensors of the form z* ® z. Now a simple
application of Double Limit Criterion will show that the set X ® X; is not a
rwc subset of K(X)*. O

The next result is now clear from the preceding lemma and Proposition 7.7.
At this point maybe we should remark that if X is reflexive and has the approx-
imation property, then K(X)** = B(X), and that always K(X) is a subalgebra
of B(X), see [21, Chapter VIII].

Corollary 7.9. Let X be a Banach space. Then, one of the algebras K(X)®K(X)
or K(X)QK(X)** of K(X)*®K(X)** is Arens regular if and only if X is finite
dimensional.

After these general results we now return to the algebras C*(G) and C »(G).
The next theorem follows directly from Theorem 4.2 and Theorem 7.6.
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Theorem 7.10. Let G be a locally compact group. If G is not a Moore group,
then the algebras C*(G)®W*(G) and W*(G)®W*(G) are not Arens regular.

Theorem 7.11. Let G be a locally compact group. Then the following are equiv-
alent.

(a) G is compact.

(b) The space B(G) has the RNP and, for any C*-algebra A, the algebra
C*(G)®A is Arens regular.

Proof. Assume first that G is compact. Then the space B(G) = C*(G)* has the
Schur property and the RNP by Theorem 4.3. Let 4 be any C*-algebra. Then,
any bounded linear operator u: A — B(G) is weakly compact by Grothendieck-
Pisier-Haagerup inequality [38], so compact. Hence, by Theorem 4.5 of [71],
the algebra C*(G)®A4 is Arens regular.

Conversely, if (b) is satisfied and G is not compact, then the group G is not
a Moore group. Hence, by the preceding theorem, the algebra C*(G)&W*(G)
is not Arens regular, contradicting the hypothesis. O

To continue further we need the following lemma:

Lemma 7.12. Let G be a locally compact group and f be a functional in A(G).
If the set H(f) = {afb:a,b € VN(G)} is not rcw, then the set H(f) =
{a** fb* :a*, b** € C;(G)}*} is not rwc either.

Proof. Since A(G) is a closed subspace of B,(G) = C;(G)*, the functional

fisin C;(G)*. Assume the set Fl(f) is rwe. Then the set E(f) = {afb :
a,be C;(G)l}, which is a subset of A(G), is also rwc. Now let a € VN(G),
and be C 5(G)1 . Then, by the Kaplansky Density Theorem [60, p. 22], there
exists a net (a,) in C;(G); that converges to a in the ultraweak topology of
VN(G). Hence, for x in VN(G),

(o fb, x) = (f, aaxb) = (f, axb) = (afb, x).

It follows that afb is in the weak closure E(f) of E(f). Similarly if both
a and b in VN(G),, then afb € E(f). Consequently H(f) is contained in

E(f), and so it is rwc as well. By contrapositive, this proves the lemma. 0O

Theorem 7.13. Let G be a locally compact group. Then the following two asser-
tions are equivalent.

(a) G is compact.

(b) The space A(G) has the RNP and the algebra C,(G)®V N(G) is Arens
regular.

Proof. The implication (a) = (b) holds by Theorem 7.11. To prove the con-
verse implication, assume (b) holds but G is not compact. Then the algebra
V' N(G), which is atomic, is not finite (see Theorem 4.3). Hence, for some f
in A(G), the set {afb:a,b e VN(G),} is not rwc. It follows from the pre-
ceding lemma that the set {a**fb** : a**, b** € C;(G)}*} is not rwc. Hence,
by Lemma 7.3, the set H(f) = {afb:a,b € C;(G)1} is not rwc either. It
follows that there exist three sequences (a;), (b;) and (&;) in the unit ball of
C;(G) for which the following iterated limits

limlim(a; fb;, a;) and limlim(a;fb;, a;)
i Jjooi
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exist and are distinct. Let 1 be the unit element of V' N(G), and put Bj =1,
Jj=1,2,.... Since C;(G) C VN(G) we can consider the sequence (b;) as a
sequence in V' N(G),. Now introduce the bilinear form

m: C3(G) x VN(G) = C
defined by m(a, b) = (f, ab). Then
m(a;a;, bibj) = (f, aia;b;) = (aifb;, a;)

so that the bilinear form m is not biregular, and the algebra C;(G)&V N(G)
is not Arens regular. O

The following corollary is now obvious.

Corollary 7.14. Let G be a locally compact group. Then G is compact if and
only if the space A(G) has the RNP and, for any C*-algebra A, the algebra
C;(G)®A is Arens regular.

7(b) Applications to related problems. In this subsection we shall consider
some applications of the fact that the projective tensor product of two C*-
algebras need not be Arens regular and other results given in subsection (a) to
some related problems.

(i) Let A and B be two C*-algebras. According to Grothendieck-Pisier-
Haagerup inequality [38], every bounded linear operator u : 4 — B* (also
u:B — A*) is weakly compact. This not being a characteristic property of C*-
algebras and in general the algebra A®B not being a C*-algebra, the following
question arises naturally: Is every bounded linear operator u : A®B — (A®B)*
weakly compact? The answer to this question is negative. Indeed, to say that
a Banach algebra D is Arens regular is equivalent to saying that, for each
functional f in D*, the linear operator 7y : D — D* defined by Ty(a) =af
is weakly compact [70]. Should every bounded linear operator u : A®B —
(A®B)* be weakly compact, the algebra A®B would be Arens regular, which
is in general not the case. However we have the following positive result which is
due to the fact that, for G compact, the space C*(G)* has the Schur property.

Proposition 7.15. Let G be a compact group. Then the dual space of the space
C*(G)®C*(G) has the Schur property and every bounded linear operator u :
C*(G)®C*(G) — (C*(G)RC*(G))* is compact.

Proof. The fact that the space (C*(G)®C*(G))* has the Schur property follows
from Corollary 3.4 of [58]. Since this space has the Schur property, the space
C*(G)®C*(G) does not contain a copy of /! [19, Theorem 3, p. 22]. Therefore,
by Rosenthal’s /!-Theorem [57], every bounded linear operator u from the
space C*(G)®C*(G) into its dual is weakly compact and so compact. O

(ii) Another question that arises about the algebra A®B is this: To be sure,
the algebra A®B is not a C*-algebra. However, keeping its projective tensor
norm but defining a new multiplication on it, can we make it into a C*-algebra?
Again Arens regularity consideration shows that this is not possible. Indeed,
should the space A®B be a C*-algebra for some multiplication, every bounded
linear operator from A®B into its dual would be weakly compact. But then,
for its natural multiplication, the algebra A®B would be Arens regular, which
is not the case.
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(iii) Paper [71] contains several examples of biregular bilinear forms which
are not Arens regular. However, if 4 and B are two unital Banach algebras
then any bounded biregular bilinear form m : 4 x B — C is Arens regular.
The converse of this question was left open [71, Question 3]. Now let 4 be a
unital C*-algebra such that the algebra A®A is not Arens regular. Then there
exists at least one bounded bilinear form m : 4 x 4 — C which is not biregular.
However, by Grothendieck-Pisier-Haagerup inequality [38], the bilinear form
m , being weakly compact, is Arens regular. Thus, in general, a regular bilinear
form need not be biregular nor conversely.

(iv) The results presented below are not direct applications of the fact that
the projective tensor product of two C*-algebras need not be Arens regular.
However, as there is a unity in the method used in the proofs of these results and
in those given in subsection (a), and also because these results are obtained as
applications of the results given in subsection (a), we have found it appropriate
to include them here.

The results presented below are about strictly (or doubly) weakly almost pe-
riodic functions, see [40 and 9). Let G be a locally compact group and f a
function in C(G), the space of continuous, bounded complex-valued functions
on G. For x, g, h in G, write f;’(x) = f(gxh). Then the function f is said
to be strictly weakly almost periodic if the set { f;‘ :h, g € G} isarwc subset of
C(G). The space of the strictly weakly almost periodic functions on G is de-
noted by WS(G). The space WS(G) is a translation invariant C*-subalgebra
of the space W (G) of weakly almost periodic functions and it contains the
space of the almost periodic functions on G [9]. However, as shown to us by
Ching Chou (private communication), who called such functions doubly weakly
almost periodic, if G is the motion group, then WS(G) N Cy(G) = {0}. Re-
cently Hansel and Troallic [40, Theorem 4.3] showed that Cy(G) C WS(G) if
and only if G is a [SIN]-group. The following proposition is an improvement
and a short proof of one direction of this result.

Proposition 7.16. If G is a [SIN]-group then, for each [ is A(G), the set
{ft: g, heG} isarwesubset of A(G). In particular, Co(G) C WS(G).

Proof. Assume G is a [SIN]-group. Then the von Neumann algebra VN(G) is
finite [22, 13.10.5]. The first statement of the proposition is now a consequence
of Corollary 7.5. The second statement also follows from the fact that A(G) is
dense in Cy(G) and, for f in A(G), || fllae) 2 Iflle. O

The following result is an analogue of Theorem 4.3 of [40] for [IN]-groups.

Proposition 7.18. Let G be a locally compact group. Then the following asser-
tions are equivalent.

(a) G isan [IN]-group.

(b) There exists f in A(G), f# 0, such that the set {f}:h, g € G} is rwc
in A(G).

(c) There exists f in Co(G), f # 0, such that the set {f§ ' : g € G} is rwe
in Co(G).

Proof. (a) = (b). First observe that if f is in A(G), then the set O(f) =
{afb : a,b € VN(G),} is rwc in A(G) if and only if, for any sequences
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(ai), (b;) and (c;) in VN(G),,
limlim(a; fb;, ¢;) = limlim(a; fb;, c;)
i J J 1

whenever these limits exist. Now assume that G is an [IN]-group. Then there
exists f in A(G) which is a tracial state, i.e., f is positive definite, ||f || = 1
and (f, xy)=(f,yx) forall x,y in VN(G). For such an f,

(@ifbi, cj) = (f, aic;bi) = ([, biaicj) = ((biai) ] , ¢;) -
On the other hand, the algebra V' N(G) being Arens regular, the set {af: a €
VN(G),} is rwcin A(G). Now the Double Limit Criterion shows that, for any
tracial state f in A(G), the set D(f) is rwc in A(G).

The implication (b) = (c) is trivial. To prove the implication (c) = (a),
assume for some f in Co(G), f # 0, the set {j}”’_I : g € G} isrwein Cy(G).
For some a in G, f(a)# 0. Replacing f by f,-: and rescaling if necessary,
we can assume that f(e) = 1. Let K be the closed convex hull of the set
{f‘é"_l : g € G}. Then K is a weakly compact subset of Cy(G) and k(e) =1

for each k in Cy(G). Consider the distal affine weakly continuous action of
the (discrete) group G on K defined by

GxK—K, (g, kmki".

Then, by the Ryll-Nardzewski Fixed Point Theorem [36], there exists k in K
such that kg_l =k forall g in G. Let now

V={geG:|k(g)—k(e)]<1/2}.

Then V is a compact neighbourhood of ¢ with g='Vg=1V forall g in G.
Hence G is an [IN]-group, and the implication (c) = (a) holds. O

8. THE ALGEBRAS A,(G) AND PM,(G)

In this section we shall present some results about Arens regularity of the
algebras A4,(G), PF,(G), PM,(G), 1 < p < oo; some results about almost
periodic functionals on these algebras; and, some results about invariant subal-
gebras of the algebras A4,(G) and PM,(G). Note that for p # 2, the theory
of operator algebras (which we have benefited in earlier chapters) will no longer
be applicable.

8(a) Preliminaries. In addition to the preliminary results and notations given
in §2 we shall need some results and notations about the algebras 4,(G) and
PM,(G) with which we start. Let G be a locally compact group equipped with
a fixed left Haar measure. The spaces L?(G) (1 < p < oc) have their usual
meaning. We recall that, for any function f: G - C, [V and f are defined
by fV(x)= f(x~') and f(x)= f(x~!). For any two measurable functions f
and g on G, their convolution f * g is defined by

f*g(x)= /Gg(y"x)f(y)dy

whenever this makes sense. For each x in G, the operator A(x) : LP(G) —
L?(G) defined by A(x)(f) = x~!f, where x~'f(y) = f(x~'y), is the left
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translation operator on L?(G). For f in L!(G), the operator p(f): L?(G) —
L?(G) is defined by p(f)(g) = f*g. p(f) is a bounded linear operator on
LP(G) and by ||p(f)|| we shall always denote the operator norm of p(f). For
1 < p < o0, the Figa-Talamanca-Herz algebra A,(G) is the space of functions
f: G — C which can be represented, nonuniquely, as

(%) f= Zvn M
n=1

with u, in L?(G), v, in LI(G) (
norm of f is defined by

o0
1/ 14,6 = inf Y lnllpllvally

n=1

+g=1) and 307, lunllpllvnlly < 0. The

141
p 4

where the infimum is taken over all the representations of f as in (x). It
is known that A4,(G) is a subspace of Cy(G) and, equipped with the above
norm and the pointwise multiplication is a regular tauberian algebra whose
Gelfand spectrum is G . Furthermore the algebra A4,(G) has a BAI (= bounded
approximate identity) if and only if the group G is amenable. For p = 2,
A,(G) = A(G), the Fourier algebra of G. (See [56].)

Each element f of L'(G) defines a bounded functional ¢, on 4,(G) by

(br, u) = /Gf(x)u(x)dx.

The norm of ¢, as an element of 4,(G)* and the operator norm of p(f) are
the same. That is,

lésl = sup_l{gy, wl=llp(f)l = sup |If el
]l 4p 6y <1 llell,<1

It follows that L!(G) can be considered as a subspace of 4,(G)* . By definition,
PF,(G) and PM,(G) are the closures of L!(G) in A4,(G)* with respect to the
norm and weak* topologies of 4,(G)*. Since A4,(G) is a Banach algebra, the
spaces PM,(G) and PF,(G) are A,(G)-modules. The module actions are
defined, for u,v in A4,(G) and T in PM,(G) or PF,(G), by (uT,v) =
(T, uv). Let W,(G) = PF,(G)*. Then the space W,(G) has been identified as
a subalgebra of C(G), the space of continuous bounded functions on G. The
space W,(G) also, equipped with the pointwise multiplication and the dual
norm, is a commutative Banach algebra. Also, the following inclusions

4,(G) € W, (G) C B,(G)

hold, where B,(G) is the pointwise multiplier of the algebra A,(G). Further-
more B,(G) equipped with the multiplier norm

lull = sup{||uvll 4,6 : IVll4,) < 1},

is isometrically isomorphic to the algebra W,(G) if and only if the group G is
amenable, see [15] for details. For p = 2, PF(G) = C,(G) and PM(G) =

~

VN(G). Finally, UC,(G) denotes the norm closure in PM,(G) of the sub-
space A,(G)PM,(G) = {uT :u € Ay(G), T € PM,(G)} of PM,(G). If G is
amenable, then the algebra 4,(G) has a bounded approximate identity and, by
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the Cohen-Hewitt Factorization Theorem [42, 32.22], the space A,(G)PM,(G)

~

is closed. The space W,(G) denotes the subspace of PM,(G) consisting of the

weakly almost periodic functionals on 4,(G), i.e., Wp(@) =wap(A4,(G)). We
refer readers to [15 and 56] for details.

8(b) Arens regularity of the algebras 4,(G), PF,(G) and almost periodic func-
tionals on PM,(G). Recently B. Forrest has proved the following results, see
[26].

(a) If the algebra A4,(G) is Arens regular, then the group G is discrete.

(b) The group G is discrete if and only if the algebra 4,(G) is a (two-sided)
ideal in its second dual 4,(G)** equipped with either Arens product.

On the other hand, the algebra 4,(G) being a regular tauberian algebra its
Gelfand spectrum is G and G separates the points of 4,(G). In view of these
facts the following theorem, which is essentially contained in Theorem 2.3 of
[23], is relevant here. In this theorem, by ® we denote the Gelfand spectrum
of A* and by A4* and span® we denote the norm closures of the spaces AA4*
and span®.

Theorem 8.1. Let A be a regular tauberian algebra which is an ideal in its second
dual. Then .

(a) The space AA* is contained in span®.

(b) If A also has a BAI (bounded approximate identity), then A is Arens
regular if and only if A* =span®. Moreover, in this case, the space A* has the
RNP.

Proof. The proof uses in an essential way the fact that the set ® separates the
points of 4.

(a) Let @ in 4 and f in A4* be two arbitrary elements. We have to show
that the functional af is in span®. Assume this is not the case. Then,
by the Hahn-Banach Theorem, there exists an element a** in A4** such that
(af,a**)=(f,aa**)#0 but (g,a**)=0 forallg in span®. Let g be an
arbitrary element of ®. Then ag = g(a)g is in span® so that (ag, a**) =
g(a){g,a**) = 0. Thatis, (g, aa**) = 0. This being true for all g in ®
and & separating the points of A, aa** = 0. But then (f, aa**) = 0 also,
contradicting the fact that (f, aa**) # 0. This proves that A4* C span®.

(b) Assume A4 has a BAIL. Then the space AA4* is closed in 4*. Now, if
A is Arens regular, then A4* = AA* C span®, see [69, Corollary 3.2]. Hence
A* =span®. Conversely, if 4* = span®, then obviously A is Arens regular
and A* = ap(A) = span®. The last assertion follows from Corollary 3.7 of
[69]. O
Corollary 8.2 [33, p. 15). If the group G is discrete, then U C,,(G) = Span®,
where ® = {J, : x € G} and Oy : Ap(G) — C is defined by dx(u) = u(x).

~

Proof. By the preceding theorem and Forrest’s result recalled above, UC,(G) C
span®. Also if x € G, ¢ € A,(G) such that ¢(x) = 1, then ¢-6, = Jy.

~

Hence d, € UC,(G). Consequently UC,(G) =span®. O

The next result summarizes what we know about Arens regularity of the alge-
bra A,(G) when G is amenable. This results follows from the above theorem
and corollary.
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Corollary 8.3. Let G be an amenable locally compact group. Then the following
assertions are equivalent.

(a) The algebra A,(G) is Arens regular.

(b) The equality PM,(G) = PF,(G) holds.

(c) The equality PM,(G) =span® holds.
Furthermore any one of these conditions implies that G is discrete.

However we were unable to prove or disprove that the equality PM,(G) =
span ® implies that G is finite, except for p = 2 [51, Proposition 5.3].

Now we return to the algebras PF,(G) and PM,(G). We shall see that,
when G is compact, the algebra PF,(G) behaves very much like the C*-algebra
C*(G) in the sense that, for each T in PF,(G), the multiplication operator
S+ ToS (also S+ SoT) on PF,(G) is compact and that PF,(G)* =
W,(G) = ap(PF,(G)) so that the algebra PF,(G) is Arens regular and the space
W,(G) has the RNP. The algebra PM,(G) being a more complicated space, we
have only partial results about (weakly) almost periodic functionals on it. The
problem of Arens regularity of the algebra PM,(G) is closely connected with
that of the operator algebra B(L?(G)), which is a long standing open question.
Before proving these results we first recall some facts about the algebras PM,(G)
and A4,(G) we shall need below.

The two spaces PF,(G) and PM,(G) are considered as subalgebras of the
operator algebra B(L?(G)) of continuous bounded linear operators on L?(G).
As is well known, B(L?(G)) = (LP(G)&L(G))* (5+1=1). Let

= {f: Y un®v, € LP(G)BLY(G) : Zv,, vy =0 on G} :
n=1 n=1

Then N is a closed subspace of L?(G)®LY(G) a ( ), as a Banach space, is

isometrically isomorphic to the quotient space LP( ) Li(G)/N . The mapping

P:L?(G)®LY(G) — A,(G)

defined by P(u® v) = v xu" is a bounded onto linear operator whose kernel
is N. Therefore, as a Banach space, PM,(G) can be identified to the anni-
hilator N+ of N in B(L?(G)). It follows that, for a net (7,) in PM,(G),
to say that 7, — T in the weak*-topology o(PM,(G), A,(G)) of PM,(G)
is equivalent to saying that 7, — T in the weak*-topology (or weak operator
topology) o(B(L?(G)), LP(G)®LI(G)) of B(LP(G)). We shall use this fact
without further comment.

Lemma 8.4. For any locally compact group G and 1 < p < oo, the inclusion
L?(G)®LI(G) C wap(B(LP(G))) holds.

Proof. This is a particular case of a more general result. Indeed, if 4 is any
Arens regular Banach algebra, then, as one can see very easily, 4* C wap(A4**).
Now it is enough to remark that the operator algebra 4 = K(L?(G)) is Arens
regular (see [72] or [75]) and A** = B(L?(G)), see [21, Chapter VIII]. O

Corollary 8.5. For any locally compact group G and 1 < p < oo, the inclusion
Ap(G) C wap(PF,(G)) holds.

Proof. This follows from the preceding lemma and the fact that A4,(G) is a
quotient of the space L?(G)®LI(G). O
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Whether the algebra PM,(G) is Arens regular or not is not known for p #
2. A negative answer to this inquiry would show that the operator algebra
B(L?(G)) is also irregular, which is not yet known.

Now let X be a reflexive Banach space and E be its closed unit ball equipped
with the weak topology. Denote by C(E, X) the Banach space of continuous
functions ¢: E — X equipped with the supremum norm. Then the space K(X)
of compact linear operators can naturally be identified with a closed subspace
of C(E, X). Therefore, by the vector-valued version of the Ascoli Theorem,
a subset D of K(X) is relatively norm compact if and only if, for each ¢
in E, the set D(t) = {¢(t) : ¢ € D} is relatively (norm) compact and the
set D is equicontinuous on E. The elements of D being linear operators, D
is equicontinuous on E if it is equicontinuous at zero and this is equivalent,
as one can see easily using the definition of equicontinuity, to the following:
For each weakly null sequence (¢,) in E, limy—o SuPyep [[¢(2n)|| = 0. As an
illustration of this remark we give the following result, which is of independent
interest.

Lemma 8.6. Assume the group G is compact and 1 < p < co. Then, on the
algebra PF,(G), for each T in PF,(G), the multiplication operator S — SoT
(also, S+ T oS) is compact.

Proof. We first recall that the space C(G) is dense in L'(G) and PF,(G) is
the norm closure of {p(f): f € L'(G)} in B(L?(G)). Here, as recalled above,
p(f): LP(G) — LP(G) is the linear operator defined by p(f)(g) = f*g. This
operator p(f) being compact, the space PF,(G) is contained in K(L?(G)).
Let E be the unit ball of LP(G) equipped with the weak topology. It is clear
that a subset D of PF,(G) is relatively compact if and only if D as a subset of
C(E, L?(G)) is relatively compact. Now to prove that, for each 7 in PF,(G),
the multiplication operator S +— So T is compact in PF,(G), it is enough to
prove that, for each f in C(G), the set {So p(f):S € PF,(G), |IS| < 1}
is relatively compact in PF,(G). Fix an f in C(G). The set {Sop(f) :
S € PF,(G), ||S|| £ 1} is contained in the norm closure of the set {p(g) o
p(f): g € C(G), |lp(g)ll < 1}. Therefore it is enough to prove that the set
D={p(g+f):g€C(G), |lp(g)ll <1} isrelatively compact in C(E, L?(G)).
Since for each 4 in L?(G), the multiplication operator 7, : L?(G) — LP(G)
defined by 74(k) = k+h is compact and the set {g*f: g € C(G), ||p(g)|l < 1}
is bounded in L?(G), the set

D(h)={gxf+h:geC(G),llp(el <1}

is relatively compact in LP(G). Now let (h,) be a weakly null sequence in E .
Then

sup |lg*f*hall, < sup [lp(&)(f *hn)llp < NS * hnll, — O
lle(e)lI<1 lle(8)lI<1

since the multiplication operator k — fxk from L?(G) to L?(G) is compact.
Hence, by the remark above, we conclude that the set D is relatively compact

in C(E, L?(G)), and the multiplication operator S — S o T is compact on
PF,(G) foreach T in PF,(G). O

The second statement of the next corollary is due to Granirer [31, Theorem
2].
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Corollary 8.7. Assume the group G is compact. Then ap(PF,(G)) = W,(G)
and the space W,(G) has the RNP.

Proof. Let (fy)ac: be a BAI for the group algebra L!(G) with || fi]| < | for
all « in I. Then, for each g in LY(G),

lp(fn) o p(8) — p(&)Il = n:ﬁlgl I foxg*xh—gxhl,<|foxg—glh—0.

Also |p(fu)ll < |Ifalli £ 1. Thus, since the space {p(f): f € L'(G)} is norm
dense in PF,(G), the net (p(fa))acr is a BAI for PF,(G). Now since the
algebra K(L?(G)) is Arens regular, so is its closed subalgebra PF,(G). Hence,
by [69, Corollary 3.2], PF,(G)* = PF,(G)PF,(G)*. The preceding lemma
shows that the space PF,(G)PF,(G)* is contained in ap(PF,(G)). It follows
that PF,(G)* = ap(PF,(G)). The fact that the space W,(G) = PF,(G)* has
the RNP follows from [69, Corollary 3.7]. O

For the next theorem we recall that if 7" is in PM,(G) and v *u" is a
simple element of A4,(G) then (T, v*uY) = (T(u), v). And likewise, if T is
in B(L?(G)) and u®v is a simple element of L?(G)&LI(G),

(T,u®v)=(T(u), v).

We also recall that, when the group G is compact, the space L?(G) with the
convolution as the multiplication is a Banach algebra and that this Banach al-
gebra has an (unbounded) approximate identity. Moreover, as we have already
used in the proof of Lemma 8.6, for each f in L?(G) the multiplication op-
erator g — fx g (also g+— gx* f) is compact on L?(G).

Theorem 8.8. Let G be a locally compact group. Then the following are equiv-
alent.

(a) The group G is compact.

(b) The inclusion A,(G) C ap(PM,(G)) holds.

(c) On the unit ball of PM,(G) multiplication is jointly continuous in the
weak*-topology.
Proof. (a) = (b). Assume G is compact. Let f = v *uY be a simple element
of A,(G). Let us first prove that the set

E={/T:TePMyG),|T|<1)

is a relatively compact subset of 4,(G), i.e., f is almost periodic on PM,(G).
Here fT is defined by (f7T,S) = (f,SoT). To this end, fix an element A
in LP(G). Then since LP(G) C L'(G), the operator p(h) is in PM,(G). Put
¢ = fp(h). Then ¢ is a functional in A4,(G). Consider the set

F ={¢T:T € PM,(G)} = {(fp(h))T : T € PMy(G),}.

Let us see that the set F is relatively compact in 4,(G). To prove this it
is enough to prove that, for any net (S,) in the unit ball of PM,(G) that
converges weak* to zero converges to zero uniformly on F, see, for instance,
[46, (A), p. 148]. Let (S,) be such a net. Then

(fp(W)T, Sa) = (fp(h), SaoT)=(f,Sa0Top(h))
=(SqoToph),vxuY)=(S,0oT(h*u),v)
= (Sa > T(h*u)®v)‘
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But T(h*u) = T(h)*u and the multiplication operator on L?(G) being com-
pact, the set
H={T(h)xu:T e PM,(G)}

is a relatively compact subset of LP(G). It follows that the set
H={T(hxu)®v:T € PM,(G),}

is a relatively compact subset of L?(G)®LY(G). Since S, — 0 in the weak*
topology of B(L?(G)), we have
lim sup (S,, T(h*u)®v)=0.
¢TI
This proves that the set F is relatively compact in 4,(G) and hence the func-

tional ¢ = fp(h) is almost periodic on PM,(G). Now, let (h,)q.cs be an
approximate identity in L?(G). Then, for T in PM,(G),

(fp(ha), T) ={f, T o p(ha)) = (T 0 p(ha), v+ u”)
=(T(hy xu),v) = (T(u),v)=(T,v*u").

That is, fp(h,) — f weakly in 4,(G). The space ap(PM,(G)) being a closed
subspace of PM,(G)*, we conclude that the functional f = v * u* is almost
periodic on PM,(G). This proves that the set E is relatively compact. This
being true for simple elements of the form v x u¥ of A4,(G) and that these
simple elements being total in A,(G), we conclude that the inclusion Ap(G) C
ap(PM,(G)) holds.

(b) = (c). Assume that 4,(G) C ap(PM,(G)). Let (T,)aer and (Sa)acr be
two weak*-convergent nets in the unit ball of PM,(G) with T = weak*-lim T,
and S = weak*-1imS, . Let f =v xu" be a simple element of 4,(G). Then,
by assumption, the set {fS, : a € I} is a relatively compact subset of A4,(G).
Now, for any W in PM,(G),

(fSa, W) =(f, WoSa) = (f, WoS)=(fS, W).

That is, fS, — fS weakly in A4,(G). The set {fS, : a € I} being relatively
compact, we conclude that fS, — f.S in the norm of A4,(G). It follows that

Hm(Ty 0 Sa, f) =im(fS,, To) = (fS, T) =(T S, f).

Again by the fact that the simple functions of the form f = v * 4V is total in
Ap(G), we conclude that T,0S, — T oS in the weak* topology of PM,(G).

(c) = (a). Assume (c) holds but G is not compact. Let (x,) be a netin G
that converges to infinity. The operators

AMxa) : LP(G) — LP(G)

defined by A(x,)f = x;'f, where x[!f(x) = f(x7'x), are in the unit ball
of PM,(G). Let T be a weak*-cluster point of the net (4(x,)). Then, since
Ap(G) € Cyp(G), for a simple element f =v xu¥ of A,(G),

(A(xa), v 1) = (A(xa), v) = /G X2 U)o (y)dy = (v 5 u¥)(xa) = 0.

Hence T = 0. Let I' = {A(x) : x € G}. By hypothesis, on (I', weak*) the
multiplication is jointly continuous, and the mapping x — A(x) from G onto
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I' is a homeomorphism. It follows that I" is a group. This being impossible,
we conclude that G is compact. O

8(c) Invariant subalgebras of 4,(G) and compact subgroups of G. In this
subsection our aim is to show that there exists a one-to-one correspondence
between certain closed right translation invariant subalgebras of 4,(G) and the
class of compact subgroups of G .

Let G be a locally compact group. If ¢ isin 4,(G) (1 <p <oo) and a in
G, then, as well known and readily checked, r,¢ and /,¢ are alsoin 4,(G) and
lra@ll = llla@|| . Here (r,9)(x) = ¢(ax) and (/,9)(x) = ¢(ax). In this section
we shall regard 4,(G) as a subspace of L>(G) and by ¢(4,(G), L'(G)) we
shall denote the topology induced on A4,(G) by the weak*-topology of L>(G).
To each subgroup H of G we associate the following subspace of 4,(G).

Vo(H)={p € 4,(G) : lhp =p forall h € H}.

Lemma 8.9. For any closed subgroup H of G and 1 < p < o, V,(H) isa
a(A4,(G), LY(G))-closed (hence norm closed) right translation invariant subalge-
bra of A,(G) and is such that, for ¢ in V,(H), ¢V and @ are also in V,(H).

Proof. Tt is easy to see that the set V,(H) is a subalgebra of 4,(G). Also
Vo(H) is a(A4,(G), L'(G))-closed since 4,(G) € L>*(G) and left translations
are weak*-weak* continuous on L*(G). If a€ G and h € H, then [,(r,0) =
ra(lnp) = rap forall ¢ in V,(H). Hence V,(G) is right translation invariant.
Finally, if ¢ € V,(G) and h € H, then ¢V € 4,(G) and [,-19V = (l,p)V = ¢V
forall A in H. Hence ¢V € V,(H). The last assertion is clear. O

Lemma 8.10. If H is a compact subgroup of G, then V,(H) # {0} and for
g ¢ H, there exists ¢ in V,(H) such that ;90 # ¢o.

Proof. Let ¢ be an element of A,(G) such that ¢(h) =1 forall £ in H.
Since the left translation acts continuously on A4,(G) [34, p. 466] and H is
compact, {l,¢ : h € H} is a compact subset of 4,(G). Let A be the closed
convex hull of this set. Then the mapping (4, ¢) — [,-19p from H x A — A is
a continuous action of H on A endowed with the norm topology. Hence, by
Day’s Fixed Point Theorem [16], there exists ¥ in A such that [,y = v for
all h in H. Since ([,p)(e)=¢(h) =1 forall A in H, y(e) =1 also. This
proves that y is a nonzero element of V,(H), and V,(H) # {0}.

Forany ¢ ¢ H, H, and H are disjoint compact subsets of G. Hence, by
the tauberian property of A,(G) [56, p. 221], there exists ¢ in A4,(G) such that
¢(H) = {1} and ¢(Hg) = {0}. Now as above we can find yq in the closed
convex hull of the {/,¢ : h € H} such that [,po = @9 forall 2 in H,ie., ¢
isin V,(H). But for each 4 in H, (l,0)(y) = ¢(hg) = 0. So, ¢o(g) = 0.
Hence (lzp0)(e) =0. As po(e) =1, we see that l,p0 # ¢o. O

The main result of this subsection is the following theorem.

Theorem 8.11. Let G be a locally compact group and 1 < p < oo. Then the cor-
respondence H — V,(H) defines a one-to-one map from all compact subgroups
of G onto all nonzero a(A,(G), L'(G))-closed right translation invariant subal-
gebras of A,(G) closed under conjugation.

Proof. By Lemmas 8.9 and 8.10, if H is a compact subgroup of G, then V,(H)
is a nonzero right translation invariant g(4,(G), L'(G))-closed subalgebra of
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A,(G) closed under conjugation. Also, if H; # H, are two compact subgroups
of G and g € H)\H; (say), then by Lemma 8.10 again, there exists ¢y in
Vp(H;) such that l,pq = ¢, i.e., 9o ¢ V,(H;). This proves that the map
H — V,(H) is one-to-one.

Conversely, let V' be a nonzero, right translation invariant ¢(4,(G), L'(G))-
closed subalgebra of A,(G) that is closed under conjugation. Let

H={heG:lp=9¢and 9" =¢" forall p € V}.

Then H is a nonempty closed subgroup of G. To see that H is compact,
let Q={A(g): g€ G}u{0}. Then Q, as a subset of (PM,(G), weak*), is
compact and G is homeomorphic to Q\{0}. Since H isclosed in G, it suffices
to show that zero is not a weak*-cluster point of {A(h) : h € H}. Indeed, if
(A(hy)) is anetin {A(h):h € H} converging to zero in the weak*-topology of
PM,(G), then, forall g in G and ¢ in V,

(ln,0)(8) = ¢(hag) = (9, A(ha)A(8)) = (9 - A(8), A(ha)) — 0.

Hence, since ¢ in V', [, ¢(g) = ¢(g) =0, forall g in G. It follows that
¢ =0, and V = {0} in contradiction with the hypothesis that ' is nonzero,
so H is compact.

It remains to show that V' = V,(H). Clearly V C V,(H). Let & be the
weak*-closure of V' in L*°(G). Then, by assumption on V', & is a right
translation invariant W*-subalgebra of L°°(G). Hence, by Theorem 2 in [63,
p. 348], there exists a unique closed subgroup K of G such that & = {f €
L>*G): I f=f forall ke K} and K={ke G: | f=f forall fe L},
which is the same as the set {k € G: 9 = ¢ forall ¢ € V'}. Hence H = K
and & D V,(H). Since V is a(A4,(G), L'(G))-closed, & N Ap(G) = V.
Consequently V' =V,(H). O

Corollary 8.12. Let G be a locally compact group, 1 < p < oo and H be a
closed subgroup of G. Then V,(H) # {0} if and only if H is compact.

Proof. If H is compact, then, by Lemma 8.10, V,(H) # {0}. Conversely if
Vpo(H) # {0}, then by Lemma 8.9 and Theorem 8.11, there exists a unique
compact subgroup K of G such that V,(H)=V,(K) and K={ge G:l,9 =
¢ forall ¢ in V,(H)}. Hence H C K and H, being closed, is compact. O

Remark 8.13. (a) If the group G is amenable or p = 2, then the set {A(x) :
x € G} is weak*-dense in PM),(G). It follows in these cases a closed subspace
V of A,(G) is a right translation invariant if and only if V' is right invariant,
ie, p-TeV forall ¢ in V and T in PM,(G), where (¢ -T,S) =(p, TS)
for § in PM,(G).

(b) Theorem 8.11 is a weak generalization of a result of Takesaki-Tatsuma
[63, Theorem 9] who proved Theorem 8.11 for p = 2 and with ¢(4,(G), L'(G))-
closed replaced by norm closed. However, we do not know for 1 < p < oo,
p # 2, whether a norm-closed right translation invariant subalgebra of A4,(G)
that is closed under conjugation is necessarily o(A4,(G), L!(G))-closed or not.

8(d) Invariant subalgebras of PM,(G) and closed subgroups of G. In the
preceding subsection we have seen that there is one-to-one correspondence be-
tween certain subalgebras of 4,(G) and the class of compact subgroups of G .
In this section our aim is to show that, when G is amenable, there exists a
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similar correspondence between certain subalgebras of PM,(G) and the class
of closed subgroups of G.

Let G be a locally compact and 1 < p < co. For each closed subset E
of G, let Np be the weak*-closure of the linear span of {A(x): x € E} in
PM,(G). Then, as readily checked, Ng is a topologically invariant subspace of
PM,(G), i.e., A)(G)Ng C Ng. As shown by Granirer [32] if G is amenable,
then a subspace X of PM,(G) is reflexive and topologically invariant if and
only if X = Ng for some nonempty finite subset of E . The main result of this
subsection is an analogue of this result of Granirer. It was proved for p = 2
(without amenability) by Takesaki-Tatsuma [63, Theorem 6].

We need some notations. For each weak*-closed topologically invariant sub-
space N of PM,(G) (1 < p < o0), let £(N) denote the closed subset
{x € G:A(x) € N} of G. For each T in PM,(G), let [T] denote the
weak*-closed topologically invariant subspace in PM,(G) containing the set
{p-T : ¢ € Ay(G)}. We shall write X[T] for X([T]). Note that if G is
amenable, then the algebra 4,(G) has a bounded approximate identity, and in
this case T isin [T].

We recall that the support of an element T in PM,(G), denoted by supp T,
is the subset of G characterized by x ¢ supp T if and only if there exists a
neighborhood U of x such that (T, ¢) =0 forall ¢ in 4,(G) with suppg C
U . As one can easily see, supp T = Z[T]. The following lemma can be proved
using standard arguments (see the proof of Theorem 40.10 of [42]) and the fact
that closed subgroups of an amenable group is a set of spectral synthesis for
Ap(G) (1 <p < o0) [56, Proposition 19.19]. We can safely omit the details.

Lemma 8.14. Let G be an amenable locally compact group, 1 < p < oo, and
H be a closed subgroup of G. Then, for any T in PM,(G), suppT C H if
and only if T belongs to Ny. 0O

Given any family (H,)se; of closed subgroups of G, let \/, H, denote
the smallest closed subgroup of G containing each H,. Also, if (N,)aes is
a family of weak*-closed topologically invariant subalgebras of PM,(G), we
denote by \/ ., N, the smallest weak*-closed topologically invariant subalgebra
of PM,(G) that contains each N,. In the theorem below, by # we shall
denote the collection of closed subgroups of the given group G and by Q the
collection of all weak*-closed topologically invariant subalgebras of PM,(G)
such that, for N in Q, X(N) is a subgroup of G.

Theorem 8.15. Let G be an amenable locally compact group and 1 < p < co.
Then the mapping T : # — Q defined by T'(N) = Ny is a bijection. Further-
more, for any family (H,)oer in #, T(N, Hy) = N, T(H,) and T(\/ H,) =
V,I'(H,).

Proof. Let H be an element of /# . Then Ny is a weak*-closed topologically
invariant subalgebra of PM,(G) with X(Ny) = H. Hence I maps # into
Q. To show that I" is one-to-one, let H; and H, be two distinct elements
of # and let, say, h; be an element of H;\H,. Then there exists ¢ in
Ap(G) such that ¢(H) = {0} and ¢(h;) = 1. It follows that ¢ belongs
to {y € 4,(G) : y(H,) = {0}} but not to {y € 4,(G) : yw(H) = {0}}.
Hence Ny, # Np,. To see that I' is onto, let N be an element of Q. Then
X(N) = H is a closed subgroup of G and Ny C H. Also if T isin N, then
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suppT = X[T] C Z(N) = H. It follows from Lemma 8.14 that 7 € Ny . In
particular, N = Ny.
Since I' preserves inclusion, it is obvious that \/, Ny, C NV u, - But NV H,

is the weak*-closure of the linear span of the set {i(x):x € \/aa H,}, and each
A(x) isin \/ Ny, if x isin \/, H,. Hence

Ny p, €\/Nu, and T (VHO,> =\/T(H,).

Also, it is obvious that
(\NH.2 Np 4, -

Now if T isin [, Ny, , then suppT C H, for each o by Lemma 8.14. Hence
supp T C (), H, . Therefore, again by Lemma 8.14, T belongs to Nﬂ n, > and

'N,He) =N, T(Hy). O

We do not know if Theorem 8.15 will remain valid when G is not amenable
and p #2.
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